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Testing the Standard Model

* searches for new physics
* direct searches — ‘bump in the spectrum’
* jndirect searches — SM provides relations between processes;
we can therefore use experiment + theory to over-constrain SM
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We will now look at Lattice QCD’s role in indirect searches



Testing the Standard Model

FLAG2024
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In this talk — various ways to look at the | V., | tension

A) Exclusive decay B — D*{D,:
 new quality of experimental data
* new quality of lattice data

— discuss new and improved analysis technigues

B) Inclusive decay B — X .U,
e existing determinations OPE based
* new ideas allow for lattice computations

— discuss new ideas and preliminary results



SM theory

Theory can be hard:

006V 1
e all three sectors of SM contribute

e accuracy important

But SM helps us a bit;:
) Gl

 Weak gauge bosons so heavy that we can replace them by
point-interaction described by an Effective Hamiltonian Hy,

(conveniently we thereby get rid of a very high energy scale)

oMl | Chad ] B | led D g0y

£ 0 | Hulhad g Theory predictions require computations in
< et [T H, Ha Vel Spp.00 weak eff. theory, QCD and QED




SM sectors
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hadronic uncertainties require nonperturbative methods — Lattice QCD



A regularisation...

! > dimensional regularisation, cutoff, mass-term, ..., or
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What to do with it?

Allows path integral quantisation (0|O|0) = = fD[U7¢,@E]O€ 1St [ U, 9, 9]

* can do perturbation theory

* can do nonPT calculations (0]0O|0) 1 fD[U,@D,@E]Oe_S'at[U’w"E]
\

Euclidean space-time
Boltzmann factor

hightdinensional.inte

sim




Lattice QCD

1 _ |
(0]1010) = = [D[A, W, y] O e >ecolAvw .

1 a a (v 7, . %
Lqocp = _ZFMVF T wa (77 Dy, — mf)¢f =
f 3

Free parameters:
+gauge coupling g = as=g?/4m
- quark masses mr=u,d,s,c,b,t

- Lagrangian of massless gluons and almost massless quarks

- What experiment sees are bound states, e.g. my,mp > My
- Underlying physics non-perturbative

- Not restricted to QCD! Can also do other SU(V,.) with fermions in different reps
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BMW Collaboration Science 347 (2015) 1452-1455




What’s currently the best lattice
value for a particular quantity?

FLAG

Flavour Lattice Averaging Group

http:/flag.unibe.ch

e summary of lattice results

e evaluation according to FLAG quality criteria
e averages or best values where possible (if sensible)

e detailed summary of properties of individual simulations

e target audience: wider phenomenology community

FLAG 11 Eur.Phys.J.C 71 (2011) 1695
FLAG 13 Eur.Phys.J.C 74 (2014) 2890
FLAG 16 Eur.Phys.J.C 77 (2017) 2, 112
FLAG 19 Eur.Phys.J.C 80 (2020) 2, 113
FLAG 21 Eur.Phys.J.C 82 (2022) 869
FLAG 24 arXiv:2411.04268

guark masses

strong coupling constant

bag parameters

nucleon matrix elements

meson leptonic decay

meson semilpetonic decay form factors
baryon semileptonic decay from factors
CKM matrix elements

11

Muon g-2 initiative

https:/muon-gm2-theory.illinois.edu

Phys.Rept. 887 (2020) 1-166


http://flag.unibe.ch
https://inspirehep.net/literature/878221
https://inspirehep.net/literature/1262813
https://inspirehep.net/literature/1473344
https://inspirehep.net/literature/1721393
https://link.springer.com/article/10.1140/epjc/s10052-022-10536-1
https://arxiv.org/abs/2411.04268
https://muon-gm2-theory.illinois.edu
http://www.apple.com/uk

Part I:
QFT constraints for exclusive
semileptonic meson decays

based on work in collaboration with

 Jonathan Flynn (Southampton) and Tobi Tsang (CERN — Liverpool) uter o2
e Marzia Bordone (CERN/Zurich) ruc 2025



https://arxiv.org/abs/2303.11285
https://arxiv.org/abs/2406.10074

Intro: exclusive semileptonic /s

meson decay

Objective: obtain model-independent theory

prediction over entire kinematical range

Input:

e sum rules: g° = 0
o |attice QCD:

e finite lattice spacing (UV)

e finite volume (IR)

e Wworsening signal-to-noise

limited
= kinematic
reach

Y

need

extra/interpolation

13
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New lattice data — B — D*fv,
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New lattice data
e four form factors f, |, F,, g

B Mé + Mlz)* — q2
 2MM,.

w q'u:(pB_pD*)'u

e first time that lattice data covers kinematical range
e three different and independent collaborations
e just in time for new experimental data ...


https://arxiv.org/abs/2306.05657
https://inspirehep.net/literature/2649580
https://arxiv.org/abs/2105.14019

New experimental data — B — D*¢(v,

New experimental data

. . . . .
Thanke 1o HELAY for combined data set four (hormalised) differential decay rates in channels

Belle Phys.Rev.D 108 (2023) 1, 012002 _ _ _
(in particular Florian Bernlochner

Belle Il Phys.Rev.D 108 (2023) 9, 9

and Markus Prim)

a=w, cost, cosl,y ‘

A 508 5 2
2 50- 3 e g Flsa e between 7 and 10 bins per a
TS & Fg | R 04 + A Belle 23 * data available on HEPData f
L5 - == & Belle 11 23 e two experimental collaborations
== 0.21 15 ¥ HFLAV e justin time for new lattice data ...
1.0 1.1 1f2w 1.3 14 10  -05 Cgéo@g 0.5 1.0 . -
0.7{ g dwdcos(6¢)dcos(6,)dx :102—4F7r4.|%b|277%WMBr2 /v~ 1g
] 0.200 - + x {(1 — cos(¢))? sin®(0y) H3 (w) + (1 + cos(fe))? sin®(0,) H2 (w)
% " = $ % 0175 - ’% = + 4 sin?(0y) cos?(0,) HE (w) — 2sin?(8;) sin?(6,,) cos(2x) H (w) H_ (w)
%0 5 ¢ + %‘ T% | s %: _$_$ ‘:%' — 4sin(0;)(1 — cos(8¢)) sin(,) cos(8y) cos(x)H(w)Ho(w)
704 :@W% = 0150 + 4 sin(8;) (1 + cos(8y)) sin(8,) cos(8, ) cos(x) H_ (w) Ho(w) }
o T o ET T
10  -05 0.0 0.5 1.0 0 - o
cos b, X How to best analyse this new quality of data

here not Belle 2310.20286 (angular coeffs)

as part of a precision test of the SM?

15


https://www.hepdata.net
https://inspirehep.net/literature/2624324
https://arxiv.org/abs/2310.01170

Fitting strategies — | V., |, R(D*) etc.

Related work

e fit parameterisation to lattice data Bordone. AJ. EPJC 85 (2025) 2. 199

- 2 . . . .
« compute theory prediction for dI'/dw/|V_,|” bin-by-bin by integration Fedele et al. PRD 108 (2023) 5, 5
_ , _ _ , o Flynn, AJ, Tsang JHEP 12 (2023)
A » combine with experimental data for bin-by-bin prediction for |V, |
. . . Martinelli et al. EPJC 85 (2025) 3, 242
o final | V., | from weighted average over bins el e s
| EPJC 84 (2024) 4, 400,
Clean separation of SM and exp. measurement PRD 106 (2022) 9, 093002,

EPJC 82 (2022) 12,
PRD 105 (2022) 3, 034503,
PRD 104 (2021) 9, 094512

e fit parameterisation simultaneously to lattice form factors Di Carlo et al. PRD 104 (2021) 5. 054502
and results for experimental data for diff. decay rate |
(use shape-information from both experiment and lattice) Ray, Nandi JHEF 01 (2024) 022
| | | Gambino PLB 795 (2019) 386-390
o determine |V, | directly from such a global fit Bigi PLB 769 (2017) 441-445, JHEP 11 (2017) 061

Bernlochner et al. PRD 100 (2019) 1, 013005

Unitarity constraint and fit-ansatz imposed on experimental data
(which may contain BSM)

C e fit parameterisation only to measurements of normalised diff.

decay rate (use shape-information from experiment only) SM correct — A. B and C should
(need theory normalisation for CKM prediction) ’

result in compatible predictions

16


https://arxiv.org/abs/1905.08209
http://www.apple.com/uk
https://arxiv.org/abs/1707.09509
https://arxiv.org/abs/1902.09553
https://arxiv.org/abs/2305.15457
https://arxiv.org/abs/2303.11285
https://arxiv.org/abs/2310.03680
https://arxiv.org/abs/2204.05925
https://arxiv.org/abs/2109.15248
https://arxiv.org/abs/2105.08674
https://arxiv.org/abs/2105.07851
https://arxiv.org/abs/2105.02497

Form-factor parameterisation

Boyd-Grinstein-Lebed ansatz:

J X(qiz) —

B)((Q'l2 )QbX(ql | ()) 2 XnZ(%

Boyd, Grinstein, Lebed, PRL 74 (1995)

z € [0,0.06] for B - D*¢v,

e model-independent form-factor parameterisation

e infinite # of parameters ay ;

e finite # of data points — require truncation

17



http://arxiv.org/abs/hep-ph/9412324

Okubo, PRD 3, 2807 (1971), PRD 4, 725 (1971)]

]
(Okubo, Shih, PRD 4, 2020 (1971)]
Boyd, Grinstein, Lebed, PLB 353, 306 (1995), C O n S ra I n S
NPB461, 493 (1996). PRD 56, 6895 (1997)]

. - 1 Hg"
VP tensor: I, (q) = l[d4xequ<0 | T{V*(x)V*"(0)|0) = E(QM q" = q°8"M(q°) + qqz [y:(q°)
1 (®  AmII, _(?) 1 (% ImII, (7)
: : 2 1 2 0
disp. relations: x-(q7) = —J dr Yo+(@7) = —J dt
T Jo (t — g*)° ’ T Jg (t — q2)2
2 1 4 ¢4 2
spectral sum: ImII(g~) ~ 5 Z (27m)*07 (g — px) | (0| V| X) |
X eg.X =BD* |(0|V|BD*)| « |(D*|V|B)]|
00 2
unitarity constraint: 1 At W(t ) ‘ff(t ) ‘ <1 e dispersion relation leads to constraint on
T ){J(QZ) (1 — q2)n - form factor in each symmetry channel
+ e y can be evaluated in perturbation theory,

e.g. at q2 = () (or lattice [Martinelli et al. PR 104 (2021) 094512])

18



Form-factor parameterisation

J X(qiz) — Z(%

Bx(é]?)(/ﬁx(% o) 4= Z o

dispersion relation + BGL ansatz:

| r" AUCIVTG B

1 d
<1 — — O — B 1)l P < 1
EZX(QZ) ,

(t—q)" 27t J¢ z l

unitarity constraint

2
‘ aX ‘ < 1 on BGL coefficients

19



Form-factor parameterisation

Ky—1
fX(ql'z) — B2 2 Z Clx,nZ(qiz)n unitarity constraint: \aX\z <1
X(qi )¢X(ql ’ O) n=0 Boyd, Grinstein, Lebed, PRL 74 (1995)

Determine all ay , from finite set of theory data

Frequentist fit: « N; = Ny, — Ky > 1

— in practice truncation K at low order

* induced systematic difficult to estimate
* meaning of Frequentist with unitarity constraint?

Bayesian fit: ¢ fit including higher order z expansion meaningful
* unitarity regulates and controls higher-order coefficients [riynn, as, Tsang JHEP 12 (2023) 175]
* well-defined meaning of unitarity constraint

Recommendation: Combined Frequentist + Bayesian perspective

20


https://arxiv.org/abs/2303.11285
http://arxiv.org/abs/hep-ph/9412324

Strategy A: Fit to lattice data

[Bordone, AJ, EPJC (2025)]

201
o Frequentist fit
‘ | _______________________ Kf KF1 KF2 Kg ag,O ag,l ag’2 ag,3 P Xz/Ndof Ndof
RN 2 2 2 2 0.03138(87) -0.059(24) - - 0.95 0.62 30
199 T B 3 3 3 3 0.03131(87) -0.046(36) -1.2(1.8) - 0.90 0.67 26
™ A JLQep 23 A 4 4 4 4 0.03126(87) -0.017(48) -3.7(3.3)  49.9(53.6) 0.79 0.75 22
B HPQCD 23 ISR NS
i RN e good fit quality
10 g o Hpoch 25 TN  |attice data compatible
[ remmaRes o o * no unitarity constraint
1.0 1.1 1.2 1.3 14 1.5
041 * . _
Bayesian inference
K; Kr, Kr, K, Gg,0 ag,1 ag,2 ag,3
2 2 2 2 0.03133(80) -0.058(25) - -
0.3 3 3 3 3 0.03129(81) -0.062(27) -0.10(55) -
7 4 4 4 4 0.03134(86) -0.061(25) -0.10(50)  -0.04(49)
0ol * unitarity constraint regulates higher-order
coefficients
1.0 1.1 1.2 1.3 1.4 1.5 1.0 1.1 1.2 1.3 1.4 1.5 * truncation Independent

21


https://arxiv.org/abs/2406.10074

FNAL/MILC 21 + HPQCD 23 JLQCD 23 + Belle Il 23

Strategy B: Fit to lattice + exp.data

+ Belle Il 23

dI'/d cos(6,)/T

o
N

o
oo

o
o

1.0

1.2

1.4

0
cos(6,)

HH  exp data

— lat fit
-- lat+exp fit
....... Xp ﬁt

0 1
cos(6y)

Bordone, AJ, EPJC (2025)

BGL fit to only lattice data (strategy A) misses experimental points
for two of the lattice data sets

BGL fit to experimental and lattice data of good quality

Frequentist fit quality good
lat (p,)(z/Ndof, NdOf) — (079,075,22)

at+exp (. 1*/Ngops Nyop) = (0.18,1.15,56)

some BGL coefficients shift between strategy A) and B) by

up to a few o — but precision of lattice data allows for enough
wiggle room

BGL fit to only experimental data (strategy C)

22


https://arxiv.org/abs/2406.10074

lat

Strategy B: Fit to lattice + experimental
data

Bordone, AJ, EPJC (2025)

1 FNAL/MILC 21 L __1 HPQCD 23 i...... JLQCD 23

=
9

e posterior distribution reflect small shifts between lat and lat+exp fits
* higher-order coefficients “regulated” by unitarity constraint

o strange behaviour in ag _for FNAL/MILC-based fit?

23


https://arxiv.org/abs/2406.10074

Other observables

:i)  dcos 0,dT"/dcos 0,
e.g. Forward-Backward asymmetry

JLQCD 23 + Belle 1l 23

-~ -
......
N
.
.

~ lat+exp fit

0 2 4 6 ] 10
q* [GeV]

1
J0
AFB S|
0

_|_

[ ¥

"i)  dcos 0,dT"/dcos 0,

Bordone, AJ, EPJC (2025)

FNAL/MILC 21 + HPQCD 23 + Belle 1l 23

0.4-
0.3 .rf;“(' ...... N
&
= Y 4
<< 0.2 V4
4
4
7
0.1 7
ki
/7
0.0- | | | | |
0 2 4 6 8 10
¢* [GeV]

precision of lat and exp data allow to identify differences in shapes of distributions
Here: lat, lat+exp and exp parameterisations exhibit distinctly different shapes

24


https://arxiv.org/abs/2406.10074

Other observables

1 Belle 19 a B Bobeth et al. EPJC 81 (2021)
= Al Belle 23 | - = | ) Bordone et al. EPJC 80 (2020)
S| B Belle 11 23 = = o & Bernlochner et al. PRD 106 (2022)
= H HFLAV 24 ~ | = dispersive matrix Fedele et al. “lat+exp” PRD 108 (2023)
Belle 19, 23, B =l | dispersive matrix Fedele et al. “lat” PRD 108 (2023)
Belle II 23 _' © LHCb PRD 110 (2024)

Belle PRD 108 (2023), CKM 2018, PRL 133 (2023)
Belle IT PRD 108 (2023), PRL 131 (2023)
HFLAV Moriond 2024 (exp. average) HFLAV Moriond 24

C) exp./BGL, MSV, EPJC 85 (2025)
C) exp./BGL and R(D*) from HFLAV, F} from LHCb, MSV, EPJC 85 (2025)

C) exp/BI : BJ EPJC 85 (2025)/unpublished

B) exp+lat/BI : JLQCD, HPQCD, FNAL/MILC, BJ EPJC 85 (2025)
B) exp+lat/BI : FNAL/MILC, BJ EPJC 85 (2025)

B) exp+lat/BI : HPQCD, BJ EPJC 85 (2025)

B) exp+lat/BI : JLQCD, BJ EPJC 85 (2025)

HH = H A) lat/DM: FNAL/MILC, HPQCD, JLQCD, MSV, EPJC 84 (2024)
HH \= )_E?
H

A) lat/DM: FNAL/MILC, MSV, EPJC 84 (2024)
= A) lat/DM: JLQCD, MSV, EPJC 84 (2024)
=
1

A) lat/DM: HPQCD, MSV, EPJC 84 (2024)
A) lat/BI : JLQCD, HPQCD, FNAL/MILC, BJ EPJC 85 (2025)
E A) lat/BI : FNAL/MILC, BJ EPJC 85 (2025)
= Il A A) lat/BI : HPQCD, BJ EPJC 85 (2025)
5 - ' | }_E;'_| - 1 i -] L A) lat/BI : JLQCD, BJ EPJC 85 (2025)
| 1 1
9D

% a0 ab O Q e, Q DN O NN NN Q Q DO VAN NO DN NN
RT/M(D*)  RP(DY) L. h F F; P
Re*(D)

e A) lat (DM,BI): tensions amongst results from different lattice collaborations
* B) lat+exp (BI): lattice consistent but driven by exp., tensions amongst experiments
* C) exp (BGL,BI): tension amongst experiments

analysis reveals tensions amongst

lattice as well as amongst
experimental

25



| V., | — Strategy A: Fit to lattice data

Bordone, AJd, 2406.10074

| N 12
1 dar1® r4ar, 19 BB > D~ ¢*u,)
[ Verl, i = | Texp [ |—(a) : where [exp = - :
’ I' da do 7(BY)
exp lat
blue: ¢ Frequentist fit (p, y*/Ny. ¢ Nyop) = (0.00,2.82,8)
e d’Agostini Bias? [a’Agostini, Nucl.Instrum.Meth.A 346 (1994)]

0.046 - red: ¢ Akaike-Information-Criterion analysis [H. Akaike IEEE TAC (19,6,1974)]
- 004d average over all possible fits with at least two data points
3 0042 and then weighted average:
= 0.040 - I

0.038 - ) 1

Wiait = N 1@XP (‘5()({205,1'} - 2Ndof,{a,i})) N = Z Weet
~1.0 —0.5 0.0 0.5 1.0 set€ e}
COSHU |Vcb| — <|Vcb|> = 2 Wsetlvcblset
sete{a, i}

* result more sensible and bias apparently reduced

20


https://arxiv.org/abs/2406.10074

| V.. | — Strategy A: different lattice
iInput — different

JLQCD 23

|Vis|are = 0.04094(97)
Vs requ. = 0.04098(91) (p, X?/Nuor, Naor = (0.62,0.78, 8)

0.046 A
0.044 +

— 0.042
= 0.040
0.0381

1.0

1.1 1.2 1.3 1.4 1.5
w

|Vas|are = 0.0394(13)
| Ve | prequ. = 0.0392(13) (p, x*/Naot, Naot = (0.36,1.10,8)

0.046 -
0.044 -

— 0.042

= 0.040
0.038

-1.0

—0.5 0.0 0.5 1.0
cos 6y

|Vis|arc = 0.0395(17)
|Vio|prequ. = 0.0383(13) (p, X2/Naots Naos = (0.09,1.70, 8)

FNAL/MILC 21

|Vis|arc = 0.03983(94)
|Vcb|Frequ. = 003965(88) (pv XZ/Ndof’ Ndof = (043’ 101! 8)

0.046 1

0.038 1

0.044 - <*> I
=5 0.042
= 0.040

1.0

1.1 1.2 1.3 1.4 1.5
w

[Veo|are = 0.0403(17)
|Vcb|l‘}equ. = 00390(12) (p, Xz/NdoﬁNdof = (005, 193, 8)

0.046 - f
0.044 1 1; ;i; ;¥
—.30.042T L}'—ET
= 0,040
0.038 -
~1.0 05 0.0 05 1.0
cos 6y

0.046 A

0.044 1
—=0.042{ T I
—ovop

0.038

-1.0 —0.5 0.0 0.5 1.0
cos 8,
|Vis|are = 0.0394(15)
|Veo|prequ. = 0.0387(14) (p, X*/Naot, Naot = (0.17,1.45,8)

0.046 A

0.044 1
500424 L L
Zoon g

0.038

- _l% 0 -3 +
X
[Vis|arc = 0.0424(18)
|Vebrequ. = 0.0388(13) (p, x*/Naos, Naot = (0.00,2.82, 8)

0.046 -

0.044 % { $
50.042- i { ——F i
—0.040 - 1 I 1

0.038 -

~1.0 —0.5 0.0 0.5 1.0
cos 8,
[Vis|arc = 0.0418(16)
[Vio|prequ. = 0.0407(14) (p, x*/Naot, Naor = (0.08,1.76,8)

0.046 -

0.0441 T T |
=5 0.042
= 0.040

0.038 -

T _l% 0 —'g +

Bordone, Ad, 2406.10074

HPQCD 23
[Vis|arc = 0.04035(99) |Vis|atc = 0.0416(22)
| Ves|Frequ. = 0.04031(92) (p, X2 /Naot, Naot = (0.75,0.63, 8) |Veb|Frequ. = 0.0386(15) (p, x"" /Naot, Naot = (0.03,2.17, 8)
0.046 - 0.0461 ¢ T
0.044 A 0.044 - j ¥ 1 ol
—50.042 1 —50.0421 T ik
= 0.040 = 0.040 = !
0.038 1 0.038 -
1.0 1.1 1.2 1.3 1.4 1.5 ~1.0 0.5 0.0 0.5
w cos 8,
|Vis| arc = 0.0395(15) |Vis|are = 0.0411(18)
|Veb| Frequ. = 0.0392(14) (p, X*/Naot, Naot = (0.16,1.47, 8) |Veb|Frequ. = 0.0399(17) (p, X*/Naot, Naot = (0.12,1.60, 8)
0.046 - 0.046 -
0.044 1 1 T %; ;{ 0.044 - + 1T T I l T T
=0.0421 | ¥ —=0.042-
= 0.040 = 0.040
0.038 0.038 -
~1.0 —0.5 0.0 0.5 1.0 —r —r 0 -z
cos b, X
e AIC approach works nicely
e some lattice data however problematic and at odds with expectation
* |n particular analysis of angular distributions problematic?
o

discard analysis X = cos 0, cos 0,, y ?
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https://arxiv.org/abs/2406.10074

‘Vcbl T

A4 Belle 23 R4 HFLAV 24 <] Belle 19
B Belle IT 23 H Belle 19, 23, Belle II 23 &l  Belle 19, BaBar 19

e inclusive (Bordone, Capdevila, Gambino PLB 822 (2021) 136679)
—— inclusive (Bernlochner et al. JHEP 10 (2022) 068)
] inclusive (Finauri and Gambino JHEP 02 (2024) 206)
- - Q) exp/BGL, f(1) from DM (FNAL/MILC, HPQCD, JLQCD), (MSV, EPJC 85 (2025))
—— C) exp/BGL, f(1) from DM (FNAL/MILC, HPQCD, JLQCD), (MSV, EPJC 85 (2025))
A
: 7x : Q) exp/BGL, f(1) from DM (FNAL/MILC, HPQCD, JLQCD), (MSV, EPJC 85 (2025))
—t C) exp/BGL, f(1) from DM (FNAL/MILC, HPQCD, JLQCD), (MSV, EPJC 85 (2025))
—— B) lat+exp/BGL (+Bs — Dsfv by LHCb) HPQCD 23 (PRD 109 (2024) 9)
—— B) lat+exp/BGL, JLQCD 23 (PRD 109 (2024))
e ] B) lat+exp/BGL, FNAL/MILC 21 (EPJC 2022 88)
% B) lat+exp/BI, FNAL/MILC, HPQCD, JLQCD) BJ EPJC 85 (2025))
(Frequentist fit quality: (p, x?/Ngof) = (0.25,1.12,58))
: < A) lat/DM, FNAL/MILC (MSV, EPJC 82 (2022) 1083)
—=— A) lat/DM, FNAL/MILC, HPQCD, JLQCD (MSV, EPJC 84 (2024) 400)
I#_' A) lat/BI w channel AIC result, FNAL/MILC, HPQCD, JLQCD (BJ EPJC 85 (2025))
I 1 1
| Ve |
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ummary

strategy A) BGL fit to lattice data, then combination
with experiment

strategy B) BGL fit to both lattice and experiment

strategy C) BGL fit to experiments only, then
CKM matrix element inferred from total BR

exclusive analysis tends to come out lower
than inclusive

analyses based on Belle 19 generally lower than
Belle (ll) 23



Summary — Part |

Framework for truncation- and model-independent form-factor fitting
combining Frequentist and Bayesian statistics

Bayesian inference ansatz:
e Shown for P — P and P — V transitions

Framework imposes unitarity constraint with meaningful statistical interpretation
Unitarity constraint acts as regulator for higher-order coefficients
Results converge to stable and truncation-independent values

New quality of B = D*¢U, data from theory and experiment

SM tests passed at current level of precision
but our analysis shows tensions amongst lattice as well as experimental data sets

| Vcb | tension between inclusive and exclusive remains a puzzle

Also have a look:
- Dispersive-matrix method, Di Carlo et al. PRD 2021, arXiv:2105.02497

- Self-consistency checks of 7 expansinon, Simons, Gustafson, Meurice arXiv:2304.13045
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https://arxiv.org/abs/2105.02497
https://arxiv.org/abs/2304.13045

Part Il:
QFT constraints for inclusive
meson decays (on the lattice)

ongoing work in collaboration with
Alessandro Barone (Mainz)

Ahmed Elgazhari (Soton) JHEP 07 (2023) 145
Shoji Hashimoto (KEK) +
Takashi Kaneko (KEK) arXiv:2504.03358

Ryan Kellermann (KEK)
Hu Zhi (KEK)
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https://arxiv.org/abs/2305.14092
https://arxiv.org/abs/2504.03358

A puzzle — Inclusive vs.

exclusive SL decay

¥4 Belle 23 R4 HFLAV 24 <4 Belle 19
B Belle IT 23 H Belle 19, 23, Belle II 23 &l  Belle 19, BaBar 19
| inclusive (Bordone, Capdevila, Gambino PLB 822 (2021) 136679)
—— inclusive (Bernlochner et al. JHEP 10 (2022) 068)
] inclusive (Finauri and Gambino JHEP 02 (2024) 206)
: : C) exp/BGL, f(1) from DM (FNAL/MILC, HPQCD, JLQCD), (MSV, EPJC 85 (2025))
—— C) exp/BGL, f(1) from DM (FNAL/MILC, HPQCD, JLQCD), (MSV, EPJC 85 (2025))
: A : C) exp/BGL, (1) from DM (FNAL/MILC, HPQCD, JLQCD), (MSV, EPJC 85 (2025))
— C) exp/BGL, f(1) from DM (FNAL/MILC, HPQCD, JLQCD), (MSV, EPJC 85 (2025))
—— B) lat+exp/BGL (+Bs — Dsfv by LHCb) HPQCD 23 (PRD 109 (2024) 9)
—— B) lat-+exp/BGL, JLQCD 23 (PRD 109 (2024))
— B) lat+exp/BGL, FNAL/MILC 21 (EPJC 2022 88)

B) lat+exp/BI, FNAL/MILC, HPQCD, JLQCD) BJ EPJC 85 (2025))
(Frequentist fit quality: (p, x?/Ngof) = (0.25,1.12,58))

A) lat/DM, FNAL/MILC (MSV, EPJC 82 (2022) 1083)

A) lat/DM, FNAL/MILC, HPQCD, JLQCD (MSV, EPJC 84 (2024) 400)

A) lat/BI w channel AIC result, FNAL/MILC, HPQCD, JLQCD (BJ EPJC 85 (2025))

0.038

——
=

0.040  0.042
\Z3
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exclusive decays — well
understood (really?)

inclusive decays — to date no
complete lattice computation
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v~ Semileptonic and leptonic modes

I'o
I

I'2
'3
I'14
I'1s
I'16
I'17
I'18
I'9
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(1]
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(1]

(1]

(10.99 + 0.28)%
(10.8 £ 0.4)%

(9.7 + 0.7)%
(2.35 + 0.09)%
(7.7 £2.5)x 107
(5.66 + 0.22)%
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(1.88 + 0.25)%

(6.0 +0.4)x 107
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<85x107°
8.213%) x 107°
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<3.0x107°
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<34x10°
<1.6x107"

S=1.0

S=1.0

S=2.0
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CL=90%
S=1.2

CL=90%
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Inclusive SL decays

PDGlive

2310
1911

2258
1839
2306

2065

2254
2084

2065
2301
2248

2242
2185
2638
2638
2611

2553

2582
2581

2583
2467
2446
2467
2640
2639
2341
2640
2640
2639
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For inclusive decay many
channels open and no lattice
results — only analytical methods
exist

But recently new ideas!

Hansen et al. (2017) PRD 96 094513 (2017)
Hashimoto PTEP 53-56 (2017)

Bailas et al. PTEP 43-50 (2020)

Gambino and Hashimoto PRL 125 32001 (2020)
Gambino et al. JHEP 07 (2022) 083

Barone et al. JHEP 07 (2023) 145

Barone et al. arXiv:2504.03358

De Santis et al. arXiv:2504.06063

De Santis et al. arXiv:2504.06064



https://arxiv.org/abs/1704.08993
https://arxiv.org/abs/1703.01881
https://arxiv.org/abs/2001.11779
https://arxiv.org/abs/2005.13730
https://inspirehep.net/literature/2056824
https://arxiv.org/abs/2305.14092
https://arxiv.org/abs/2504.03358
https://arxiv.org/abs/2504.06063
https://arxiv.org/abs/2504.06064

Inclusive SL decay in the SM

2 2 hadronic tensor

dl -
dq?dq dE, - 87

leptonic tensor

We consider the case B, — X £v:

1 - -
W (pp,, q) = o r Z (27T)35(4)(PBS —q — px){Bpp) | (J(q )’ | X(px )X (px) [T (q ) | By(Pg))
B, x

from now on B, at rest (pz = 0)

\)
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Inclusive SL decay

ar GHV,P
dg2dq°dE, 8=

LW,

Integrate phase space:

['(D, = Xlv) =

24 713

o integration over lepton energy £, — K"
e @ is energy of intermediate state X
e ( Is three-momentum transfer

34

min

kinematics:
\/ M2 + q°
— M — 1 /q
0B -y

m

qmax — 4 M%

G2 ‘ 1% ‘2 V. - ) .
Fl7cs J dq2 /q2 X(qZ) where X(q ) = J dw Wﬂy(a)9 q)Kﬂv(a), q)
0 0,



Inclusive SL decay

_ . 1 L
X(q) =J do W, (@,q) K" (0, q) Wl @) = = (By(0)|J}(9)] (@) | B(0))
Wy by
Capi(t2> 1) e'dx
C, (t,q) = > B |JI(x,0)J,(0,00|B) (t=t—1 >0)
o = Z;'zMBS( | Jf(x,1)J,(0,0) | B,) ) — 1

C o2 0 1 . A ~
< = =j do——(B,| (J (@.0)'5(H — )] (q,0)| By e
Bes) >B Win ZMBS

@iy 1S Mass of lightest
final state

Euclidean 4pt function is Laplace transform of hadronic tensor
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X(q) reconstruction

X(q) = J do W, (0, q)K5(q, @) +-> C. (1, q) = J do W, (o,q) et

0 0

We can expand the kernel K (analytically known) in powers of ¢ ~%*:

X(q) ~ C0(q) J doW (o, q) +¢,,.1(Q) J doW, (o,q) e +¢,,2(q) J doW (o, q) e 240 +...
W, Wy @o

— ,uv,O(q) C/u/(()’q) +C,m/,l(q) Cﬂy(aa Q) +CW,2((I) CMD(ZCI, Q) +...

\ . —wk
e fully determined linear system X(q@) = Z Cuv,k(‘l)JdWWW(wa q)e

e X fully determined once we know

k
- = C (ak,
coefficients ¢, 1(q) ;Cﬂv,k(q) w(ak, q)
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X(q) reconstruction

In theory:
o coefficients Cuuk known analytically

i e C (1) can be computed on the lattice
X(q) = Z Cﬂy,k(q)deWW(w, q) e " v _
e in principle well-defined solution for X(q)

k
— Z Cﬂy,k(q) Cﬂy(ak9 q)
k In practice:

e signal-to-noise deteriorates with ¢
e |In practice not sufficient to extract meaningful signal

Similar to the case of exclusive decay we need a regulator for the badly determined
higher-order (larger 1) terms
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Kernel approximation

X(q) ~ C’uy,()(q) Cﬂy(oaq) T Cﬂy,l(q) Cﬂy(aa q) T Cﬂy,Z(q) Cﬂy(zaa q) T ...

instead of in (e¢™““)" we now expand in shifted Chebyshev polynomials

Barata, Fredenhagen, Commun.Math.Phys. 138 (1991) 507-520, Bailas et al. PTEP 43-50 (2020), Gambino and Hashimoto PRL 125 32001 (2020)

k
T(w) : [wg, 0] > [—1,1] Tw) = Y i s
=0
5//w,O al ~ - - - -
Kﬂy(a)a q) ~ 2 —+ 2 5//”/,ka(60) C,l/tl/,k — da) Kﬂy(a), q)Tk(a))Q(a))

k=1 “o
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https://inspirehep.net/literature/302471
https://arxiv.org/abs/2001.11779
https://arxiv.org/abs/2005.13730

Kernel approximation

K, (0,q;1) = ezw’OkW(a), q,)0 (0 .x — ®)

max

9. K'Y (q, ;1) = e*”0q” 0, (

0,00 60)

G = (K, T}) = J do K, (o, Q)Tk(a))ﬁ(w)

)

Kernel aQKég)(q, w) q* =0.26 GeV?

Bl — CHEB N=9 wj = 0
W01 Bo N e this analysis stage independent of data
" B e smearing ¢
£ » order of approximation N < C,, (1)

| k= » We can play with @,
GEE

S R S R R

G)()Ll) wm[x(q)
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X(q) reconstruction

X(@= ), 2, deWW» Q) Ty(@) ¥ TC,LG + 21)

C,m/(ztO)

k ~
~ ~ <Tk> u
= ) &, (T,
k,j

. C,,(2) from lattice

» C,,(7) monotonously decreasing with ¢

« weuse| (7)) w| < 1 as uniform Bayesian prior (i.e. regulator)

o for sufficiently smooth kernel the ¢, , turn out to be nicely behaved

— suppression of higher-order terms
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Exploratory study

eB. - XU
e |attice study on 24° X 64 RBC/UKQCD DWF
ensemble (M= ~ 330 MeV) 2.,

o physical m_- and m,-quark masses (RHQ action for b)

near-physical m . (domain-wall)
e implemented in Grid/Hadrons
e run on DIRAC Extreme-scaling service Tursa (A100-40 nodes)

» 120 gauge configs, 8 Z, noise-source planes
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https://github.com/paboyle/Grid
https://github.com/aportelli/Hadrons
https://dirac.ac.uk
https://dirac.ac.uk/resources/#ExtremeScaling
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X(q)

6:'m/,k((l) < Tk)/u/
ks

N

Cwi(Q) [ doW, (@, q) Ti(w)

4

e successful determination of

0)0 — O and

@y = 09w,

<Tk> Uv

e higher orders affected by

noise - regulator kicks



Impact of regulator

. A é
104'5 o A O
: A
| 2 . O | |
10+ 6 0 Xuuive BGexp Noise reduction due to regulator
| s A Xuaive CHEB term absolutely essential!
g<:102_5 ® X BGGXp
| X BGcheb “BGexp” is Backus-Gilbert-inspired
101 A X CHEB Hansen-Lupo-Tantalo approach
: Hansen et al. (2017) PRD 96 094513 (2017)
| & é ‘ A A A A A De Santis et al. arXiv:2504.06063
10°- ® = a ~ . De Santis et al. arXiv:2504.06064
0 1 2 3 4 5
q’ (GeV?)

44


https://arxiv.org/abs/1704.08993
https://arxiv.org/abs/2504.06063
https://arxiv.org/abs/2504.06064

(GeV?)

=

X, q%,.=5.860 GeV?

Y CHEB N=9 wy =0

Y CHEB N=9 wy = 0.9w,in
¥ BCexp N=9 wy =0
¥
t
t

I

E

10+
il

q” (GeV?)

BGexp N=9 wy = 0.9wmin
BGcheb N=9 wy = 0
BGcheb N=9 wy = 0.9wmin

variations of analysis techniques largely
consistent — tension at larger q2 visible

Integral of 4/ q° X(q?) proportional to I’;
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Results for X(q)

VAt X, q?,,.=5.860 GeV?

Y
Y
k
k
t
t

CHEB N=9 wy =10

CHEB N=9 wy = 0.9win
BGexp N=9 wy =0
BGexp N=9 wy = 0.9wpin
BGcheb N=9 wg =0
BGcheb N=9 wy = 0.9wpmin

3 A
q’ (GeV?)




X(q®) (GeV?)

Contributions from various
channels

> (2)
ViVi
T
1 Approach provides for nice
(Vo;f laboratory to understand and
o (1 . . . .
4,4,  probe contributions to inclusive
¢, decay from various sources
7 (0)
ApAy
7 (0)
4%
7 (0)
ViVi
7 (0)
A

S,

|
B
?\/



Ground-state limit

What is the ground-state contribution to inclusive decay?

We restrict the analysis to the ground-state B, — D, decay:

W, — éw-E;) : (B.|J|D)MD.|J,|B.)
_) a)_
173% D, 4MBS EDS s1Yu S LI 7 Bl

The corresponding data is generated on the lattice (analysis of B, — D_ 3pt correlators):

(D V.| B;) :f+(42)(PBS +Pp)u +f_(q2)(pBS —DPp)y

ol Ms, 2\ 12
XVV > E q ‘f+(q )‘
D

\)
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Ground-state limit

Inclusive % ﬁ

}t 5

e *  exclusive expected
| 4 exclusive wy = 0.9wmin
J 4+ inclusive wy = 0.9wpip
0.0 0.2 0.4 0.6 0.8

o (GeV?)
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1.0

e Results for exclusive channel agree
for both ways of data analysis
(standard 3pt vs. Chebychev)

e clear distinction between ground-state
and full inclusive determination



Systematics — finite volume

[Kellermann et al. arXiv:2504.03358]

, Order of limits: lim lim * need to find ways for estimating
V=00 60 effects reliably
* in practice lattice simulations in finite e Here: model finite-size effects with spectral
volume density of two non-interacting particles
p(w) =Lrodq T 5(0)—2\/q2+M2) PV(G))=£Z @ 5<w—2\/q2+M2>
2w )y Mg? + M) V& 4(q+ M)

finite volume

plw)
pv(w)

Infinite volume
spectral density

Il
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https://arxiv.org/abs/2504.03358

Systematics — finite volume

e Here: compute inclusive rate for two free
particles in finite and infinite volume

le—6
e vary upper threshold wy, 6 -
— |nfinite Volume - |Infinite Volume
000057 ___ Finite vol. - v = 483 i -~ Finite Vol. - V = 483
..... Finite Vol. - V = 1282 >7 ..... Finite Vol. -V =1283
¥ 0.0004 - [0
= S 4-
W ()
Wi , £ 0.0003 - =
— r_u ] ] u % 3 =
XD(wy) = dw py(w) K Dw) = infinite volume =
3 0.0002 - 3
0 s T 27
1< ;(
0.0001{ SMall volume—_,---; .
0.0000 . . - , - . - 0 . ' : ; , ; '
025 030 035 040 045 050 055 060 065 0.70 025 030 035 040 045 050 0.55 0.60 0.65 0.70
wen [lattice units] W, [lattice units]

Finite-volume effects depend on shape of kernel and quality of approximation
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X/'V(d?) [GeV?]

Systematics — 6 — ()

=
o

o
o0

-
i
‘o

o

o
N

.O
DO
1

]

- Ground-state contribution

Ground-state exact + Cheby. excited states
<> Cheby. - Full data
Cheby. - Full data - Upper Bound

)
=)
O

0.00 0.02 0.04 0.06 0.08 0.10

o

Example taken for D, = X¢Zv
[Kellermann et al. arXiv:2504.03358]

- After the infinite-volume limit also the ¢ — 0 limit
of vanishing smearing has to be taken

* Here, we assume finite-volume effects are under control
(i.e. our data ‘is’ has been L — oo extrapolated)

» estimate potential contribution from higher-order terms

* If we first subtract the ground-state contribution and then
apply the inclusive analysis only to the remainder
substantially reduces sensitivity to finite smearing width
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https://arxiv.org/abs/2504.03358

Summary

Part I: QFT constraints for exclusive meson decays

Unitarity constraint allows to parameterise a limited
set of experimental/theory data for form factors in a model- and
truncation independent way

Part lI: QFT constraints for inclusive meson decays (on the lattice)

Monotonicity and properties of orthogonal polynomials allow
to tame the exponential signal-to-noise issue in Euclidean
correlators, enabling meaningful predictions for inclusive
decay rates
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Conclusions

Part |: QFT constraints for exclusive meson decays
e New data will be coming in (LHCb, Belle |l, BESIII)

 apply method also to other channels (e.g. B, = K£v,B — ntv, ...
e extend to angular-coefficient analysis like Martineli et al. PRD (2025)

Part ll: QFT constraints for inclusive meson decays (on the lattice)

 Anindependent calculation of |V ,| or | V., | on the way

: : [Barone et al. arXiv:2504.03358],
e recently new results on inclusive D « AECAY D Santis et al. arXiv:2504.06063, arXiv:2504.06064

we can think of novel observables to test continuum techniques / or
Improved observables to compare with experiment

» We can hopefully soon meaningfully add to the discussion around the |V, | puzzle
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VAt X, g2, .=5.860 GeV?
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Bayesian form-factor fit

Flynn, Ad, Tsang, JHEP 12 (2023) 175

Compute BGL parameters as expectation values (g(a)) = A [da g@nalf, G,

where probability for parameters given model and data (assume input Gaussian)

|
m(a|f, C;) « exp (-5 ¥*(a, f)) where  y*(a,f) = (f — fz5) G ' (f — fg)

where prior knowledge is only QFT unitarity constraint (flat prior for BGL params):

In practice MC integration: draw samples for a from multivariate normal distribution
and drop samples not compatible with unitarity
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https://arxiv.org/abs/2303.11285

Strategy A: Bayesian Inference vs.
Dispersive Matrix

Bordone, AJ, EPJC (2025)
Martinelli, Simula, Vittorio, EPJC (2024)

6.0 20

9.5 1

-~

“~5.01

K 151

>~

» Alternative method: Dispersive Matrix
[Di Carlo et al. PRD (2021)]

A JLQCD 23
B HPQCD 23
4 FNALMILC 21
—— Bayesian Inference EPJC 85 (2025)

--- Dispersive Matrix EPJC 84 (2024)

Y0 1 12 13 14 15 Y0 11 12 13 14 15 - Excellent agreement between methods

4.5

0.4

» unitarity and kinematic constraints both
relevant and acting in the same way
03 IN both approaches, reducing stat. error

2.0 1

Fo

1.51

- model-independent parameterisation of
. S I S form factors successful
1.0 1.1 1.2 1.3 14 1.5 1.0 1.1 1.2 1.3 1.4 1.5

’ o (insignificant difference probably due

Dispersive-matrix data curtesy of Ludovico Vittorio to data selection (|_| PQCD 23))
(joint talk at Beyond Anomalies 2025)

1.01 0.2 1
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