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Perturbation theory is one of the most successful 
analytical tool to study physical processes.

Understanding the behaviour of perturbation theory at large orders is theoretically 
important and useful to possibly resum the series and go at strong coupling. 

Resurgence appears a promising way to achieve this goal.

Aim of this colloquium is to try to explain you these principles 
and give you a few examples of applications.

Aside many technicalities and some assumptions, the key 
principles underlying resurgence are simple.

Coupling constant perturbative expansions in QFT are 
generally asymptotic with zero radius of convergence.
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Basics of resurgence: the Airy function

A brief historical excursus pre-resurgence

Applications in QM and QFT

Why asymptotic series?



How can well-defined physical observables give rise to ill-defined 
divergent asymptotic series? Where is the ``mistake’’?

In order to answer this question it is useful to consider ordinary 
integrals, which can be seen as toy versions of path integrals in 

quantum mechanics or quantum field theory. Basic ideas of 
resurgence are best understood in this case.

Why asymptotic series?
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The series is not uniformly convergent and we are 
not allowed to exchange sum and integration

<latexit sha1_base64="+aRK3qwNvBJ3nN2NUOcLstoIEeA=">AAAB+nicbVDLTsMwENzwLOWVwpGLoULiVCUIAccKLhyLRB9SGyLHdVqrthPZDqgK/RQuHECIK1/Cjb/BfRygZaSVRjO72t2JUs608bxvZ2l5ZXVtvbBR3Nza3tl1S3sNnWSK0DpJeKJaEdaUM0nrhhlOW6miWEScNqPB9dhvPlClWSLvzDClgcA9yWJGsLFS6JZIKFFHM4HkIcL3EqHQLXsVbwK0SPwZKcMMtdD96nQTkgkqDeFY67bvpSbIsTKMcDoqdjJNU0wGuEfblkosqA7yyekjdGyVLooTZUsaNFF/T+RYaD0Uke0U2PT1vDcW//PamYkvg5zJNDNUkumiOOPIJGicA+oyRYnhQ0swUczeikgfK0yMTatoQ/DnX14kjdOKf17xbs/K1atZHAU4gCM4AR8uoAo3UIM6EHiEZ3iFN+fJeXHenY9p65Izm9mHP3A+fwAFopKL</latexit>

cn ⇠ n!an
<latexit sha1_base64="qW+BYR04I1cNf/COsTgvB6cuaho=">AAAB/HicbVDLSgNBEJyNrxhf0Ry9DCZCPBh2g6gIQsCLxwjmAUkIs5NOMmRmdpmZFZcl/ooXD4p49UO8+TdOHgdNLGgoqrrp7vJDzrRx3W8ntbK6tr6R3sxsbe/s7mX3D+o6iBSFGg14oJo+0cCZhJphhkMzVECEz6Hhj24mfuMBlGaBvDdxCB1BBpL1GSXGSt1srlgg16dnBcwkhkciQg4n3WzeLblT4GXizUkezVHtZr/avYBGAqShnGjd8tzQdBKiDKMcxpl2pCEkdEQG0LJUEgG6k0yPH+Njq/RwP1C2pMFT9fdEQoTWsfBtpyBmqBe9ifif14pM/7KTMBlGBiSdLepHHJsAT5LAPaaAGh5bQqhi9lZMh0QRamxeGRuCt/jyMqmXS955yb0r5ytX8zjS6BAdoSLy0AWqoFtURTVEUYye0St6c56cF+fd+Zi1ppz5TA79gfP5A+ulkv8=</latexit>

(a = �4 in example)

Well-defined 
and finite

Ill-defined 
and infinite

Perturbation theory

<latexit sha1_base64="Dm8Jdmgu8t/eJ6T55pJGsg20kwg="></latexit>
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<latexit sha1_base64="2hYDoXMVXk/ApBMkMs1p0hVngNY="></latexit>
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<latexit sha1_base64="w4FcoeVptoi5pxu9clJjjTZ01ys=">AAAB6HicdVDLSgMxFM34rPVVdekmWARXY2Za+9gV3LhswT6gHUomzbSxmcyQZIQy9AvcuFDErZ/kzr8x01ZQ0QMXDufcy733+DFnSiP0Ya2tb2xubed28rt7+weHhaPjjooSSWibRDySPR8rypmgbc00p71YUhz6nHb96XXmd++pVCwSt3oWUy/EY8ECRrA2UutyWCgiu16ruFcuRDZCVbdUyYhbLbsl6BglQxGs0BwW3gejiCQhFZpwrFTfQbH2Uiw1I5zO84NE0RiTKR7TvqECh1R56eLQOTw3yggGkTQlNFyo3ydSHCo1C33TGWI9Ub+9TPzL6yc6qHkpE3GiqSDLRUHCoY5g9jUcMUmJ5jNDMJHM3ArJBEtMtMkmb0L4+hT+Tzqu7VRs1CoXG/VVHDlwCs7ABXBAFTTADWiCNiCAggfwBJ6tO+vRerFel61r1mrmBPyA9fYJ2W+M8w==</latexit>
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Most useful method is so called Borel resummation

Extra input is needed to possibly resum the series using resummation methods.

Divide original series by a factorial term to get a convergent series

If g small enough, asymptotic series provides good approximation of exact result.

After that, summing more and more terms is not a good idea. 

The higher the coupling the less terms you should compute

Intrinsic error associated to the asymptotic series
<latexit sha1_base64="LMXxoLugKLzhOGELDYY1Yd5vgs8=">AAAB/3icbVBNS8NAEJ34WetXVPDiZbEIXiyJiIqnghePFewHNLFstpt26WYTdjdCiTn4V7x4UMSrf8Ob/8Ztm4O2Phh4vDfDzLwg4Uxpx/m2FhaXlldWS2vl9Y3NrW17Z7ep4lQS2iAxj2U7wIpyJmhDM81pO5EURwGnrWB4PfZbD1QqFos7PUqoH+G+YCEjWBupa+97ikWI3mcnXigxydw8w/0879oVp+pMgOaJW5AKFKh37S+vF5M0okITjpXquE6i/QxLzQinedlLFU0wGeI+7RgqcESVn03uz9GRUXoojKUpodFE/T2R4UipURSYzgjrgZr1xuJ/XifV4aWfMZGkmgoyXRSmHOkYjcNAPSYp0XxkCCaSmVsRGWCTgzaRlU0I7uzL86R5WnXPq87tWaV2VcRRggM4hGNw4QJqcAN1aACBR3iGV3iznqwX6936mLYuWMXMHvyB9fkD/oyWEg==</latexit>

⇠ e�
1
ag

Replace integrals with path integrals Perturbative expansions in QFT

Asymptotic series do not arise only from integrals, of course.

Notably they can occur in perturbatively solving differential equations.

They behave as convergent series if the sum is truncated to terms.
<latexit sha1_base64="tusw+4rx9IeXlYD329nqBItmiUY=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARXJVExMeu4MaVVLAPaEqZTG/aoZNJmJkIJY0bf8WNC0Xc+hfu/BunbRbaeuDC4Zx7ufceP+ZMacf5tgpLyyura8X10sbm1vaOvbvXUFEiKdRpxCPZ8okCzgTUNdMcWrEEEvocmv7weuI3H0AqFol7PYqhE5K+YAGjRBupax/cehyUUizEXiAJTd0sHZP+OOvaZafiTIEXiZuTMspR69pfXi+iSQhCU06UartOrDspkZpRDlnJSxTEhA5JH9qGChKC6qTTDzJ8bJQeDiJpSmg8VX9PpCRUahT6pjMkeqDmvYn4n9dOdHDZSZmIEw2CzhYFCcc6wpM4cI9JoJqPDCFUMnMrpgNigtAmtJIJwZ1/eZE0TivuecW5OytXr/I4iugQHaET5KILVEU3qIbqiKJH9Ixe0Zv1ZL1Y79bHrLVg5TP76A+szx8B1Jc6</latexit>

N . 1

|ag|
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<latexit sha1_base64="Q9vR0JyiDMoAqrAfVynvFeVTYaQ="></latexit>
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<latexit sha1_base64="IhzFbS80C25bASO81x/BUs61LzU="></latexit>
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         , if known, can be analytically continued over the whole 
complex t-plane (Borel plane) and           can then be calculable  

<latexit sha1_base64="iBJItdOvkm50hDP5fCdzPcOG/RA=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoMQL2FXRMVTwIveIpgHJGuYne0kQ2YfzPQawpL/8OJBEa/+izf/xkmyB00saCiquunu8mIpNNr2t5VbWV1b38hvFra2d3b3ivsHDR0likOdRzJSLY9pkCKEOgqU0IoVsMCT0PSGN1O/+QRKiyh8wHEMbsD6oegJztBIj7QzEj4MGNK7Mp52iyW7Ys9Al4mTkRLJUOsWvzp+xJMAQuSSad127BjdlCkUXMKk0Ek0xIwPWR/ahoYsAO2ms6sn9MQoPu1FylSIdKb+nkhZoPU48ExnwHCgF72p+J/XTrB35aYijBOEkM8X9RJJMaLTCKgvFHCUY0MYV8LcSvmAKcbRBFUwITiLLy+TxlnFuajY9+el6nUWR54ckWNSJg65JFVyS2qkTjhR5Jm8kjdrZL1Y79bHvDVnZTOH5A+szx8Z4pGT</latexit>

bI(t)
<latexit sha1_base64="CpPotWZiwNXY8dX+GFvSzqOD7AY=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFBVPBS96q2A/oF1KNs22oUl2SbJCWfoXvHhQxKt/yJv/xmy7B219MPB4b4aZeUHMmTau++0U1tY3NreK26Wd3b39g/LhUVtHiSK0RSIeqW6ANeVM0pZhhtNurCgWAaedYHKb+Z0nqjSL5KOZxtQXeCRZyAg2maSr9+eDcsWtuXOgVeLlpAI5moPyV38YkURQaQjHWvc8NzZ+ipVhhNNZqZ9oGmMywSPas1RiQbWfzm+doTOrDFEYKVvSoLn6eyLFQuupCGynwGasl71M/M/rJSa89lMm48RQSRaLwoQjE6HscTRkihLDp5Zgopi9FZExVpgYG0/JhuAtv7xK2hc177LmPtQrjZs8jiKcwClUwYMraMAdNKEFBMbwDK/w5gjnxXl3PhatBSefOYY/cD5/ADgNjaw=</latexit>

s(I)

Under some (restrictive) conditions, one can prove that
<latexit sha1_base64="IgZdeQk3AxxnBSvNolz/klY/IuM=">AAAB73icdVDLSgNBEOyNrxhfUY9eBoMQL2E2SEwEIeDF3CKYByRLmJ3MJkNmH87MCmHJT3jxoIhXf8ebf+NsEkFFCxqKqm66u9xIcKUx/rAyK6tr6xvZzdzW9s7uXn7/oK3CWFLWoqEIZdcligkesJbmWrBuJBnxXcE67uQq9Tv3TCoeBrd6GjHHJ6OAe5wSbaSuKjZO0SVqDPIFXMIGlQpKiV3FtiG1WrVcriF7bmFcgCWag/x7fxjS2GeBpoIo1bNxpJ2ESM2pYLNcP1YsInRCRqxnaEB8ppxkfu8MnRhliLxQmgo0mqvfJxLiKzX1XdPpEz1Wv71U/MvrxdqrOgkPolizgC4WebFAOkTp82jIJaNaTA0hVHJzK6JjIgnVJqKcCeHrU/Q/aZdLdqWEb84K9YtlHFk4gmMogg3nUIdraEILKAh4gCd4tu6sR+vFel20ZqzlzCH8gPX2CVRqjtc=</latexit>

s(I) = I

<latexit sha1_base64="J7whiaRYSi1YFbmh8wt64CYsxKA="></latexit>

This requires that bI(t) has no singularities along the positive real axis.

<latexit sha1_base64="NDHy/0f1yH8qeI08BmjYk0+w3BI=">AAAB/XicbVC5TsNAFFyHK4TLHB3NQoJEFdkpAFFFoqEMEjmkxFjrzTpZZQ9rd40UrIhfoaEAIVr+g46/YZ2kgMBUo5n39OZNlDCqjed9OYWl5ZXVteJ6aWNza3vH3d1raZkqTJpYMqk6EdKEUUGahhpGOokiiEeMtKPRVe6374nSVIpbM05IwNFA0JhiZKwUugexVLCCQ9HTlENxBNGdqIRu2at6U8C/xJ+TMpijEbqfvb7EKSfCYIa07vpeYoIMKUMxI5NSL9UkQXiEBqRrqUCc6CCbpp/AE6v0YZ4jlsLAqfpzI0Nc6zGP7CRHZqgXvVz8z+umJr4IMiqS1BCBZ4filEEjYV4F7FNFsGFjSxBW1GaFeIgUwsYWVrIl+Isv/yWtWtU/q3o3tXL9cl5HERyCY3AKfHAO6uAaNEATYPAAnsALeHUenWfnzXmfjRac+c4++AXn4xuBMJPu</latexit>

for cn ⇠ n!an
<latexit sha1_base64="9S7oXmAwRc/9jfa2eKaUvPn3tWM=">AAACG3icbVBNSwMxEM36WetX1aOXYBHqwbIroiIIghe9VbAqdGuZTbM2NMkuyaxSlv4PL/4VLx4U8SR48N+Y1h78ejDw8t4MmXlRKoVF3//wxsYnJqemCzPF2bn5hcXS0vK5TTLDeJ0lMjGXEVguheZ1FCj5ZWo4qEjyi6h7NPAvbrixItFn2Et5U8G1FrFggE5qlbbCW9HmHUB6UsENekBDm6mWphWguHGl3VMoGsYGWB7082ATsN8qlf2qPwT9S4IRKZMRaq3SW9hOWKa4RibB2kbgp9jMwaBgkveLYWZ5CqwL17zhqAbFbTMf3tan605p0zgxrjTSofp9IgdlbU9FrlMBduxvbyD+5zUyjPeaudBphlyzr4/iTFJM6CAo2haGM5Q9R4AZ4XalrAMuCHRxFl0Iwe+T/5LzrWqwU/VPt8uH+6M4CmSVrJEKCcguOSTHpEbqhJE78kCeyLN37z16L97rV+uYN5pZIT/gvX8C0YGfag==</latexit>

bI(t) =
X

n

(at)n ⇠ 1

1� at
Example:

😀a<0 (alternating  series) singularity for t < 0 

a>0 (same sign series) singularity for t>0 ☹



A brief historical excursus pre-resurgence

Determining the large order behaviour of an asymptotic series is 
important to establish Borel summability of the series. 

For integral/path integrals, large order behaviour around a saddle 
point is given by the leading coefficients of near-by saddle points!

In the example before with 
<latexit sha1_base64="12zTwOkeFbYQhgel2AU6qbOmWyU=">AAACCXicbVDLSgMxFL3js9bXqEs3wSJUhDJTioogFNy4rGAf0I4lk2ba0ExmSDJCW7p146+4caGIW//AnX9j2s5CWw8Ezj3nXm7u8WPOlHacb2tpeWV1bT2zkd3c2t7Ztff2aypKJKFVEvFINnysKGeCVjXTnDZiSXHoc1r3+9cTv/5ApWKRuNODmHoh7goWMIK1kdo2CvLDE3SFWoHEBLlFNLwvnqZFyRSltp1zCs4UaJG4KclBikrb/mp1IpKEVGjCsVJN14m1N8JSM8LpONtKFI0x6eMubRoqcEiVN5peMkbHRumgIJLmCY2m6u+JEQ6VGoS+6Qyx7ql5byL+5zUTHVx4IybiRFNBZouChCMdoUksqMMkJZoPDMFEMvNXRHrYxKBNeFkTgjt/8iKpFQvuWcG5LeXKl2kcGTiEI8iDC+dQhhuoQBUIPMIzvMKb9WS9WO/Wx6x1yUpnDuAPrM8fkgWXDw==</latexit>

f(z) =
1

2
z2 +

1

4
z4 , saddle point of interest is 

<latexit sha1_base64="/Y3GKt8VL+KexPFqYRL4QQqXRVM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEVASh4MVjRfsBbSib7aRdutmE3Y1QQ3+CFw+KePUXefPfuG1z0OqDgcd7M8zMCxLBtXHdL6ewtLyyulZcL21sbm3vlHf3mjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsYXU/91gMqzWN5b8YJ+hEdSB5yRo2V7h6v3F654lbdGchf4uWkAjnqvfJntx+zNEJpmKBadzw3MX5GleFM4KTUTTUmlI3oADuWShqh9rPZqRNyZJU+CWNlSxoyU39OZDTSehwFtjOiZqgXvan4n9dJTXjhZ1wmqUHJ5ovCVBATk+nfpM8VMiPGllCmuL2VsCFVlBmbTsmG4C2+/Jc0T6reWdW9Pa3ULvM4inAAh3AMHpxDDW6gDg1gMIAneIFXRzjPzpvzPm8tOPnMPvyC8/EN2L2NfA==</latexit>

z = 0

Near-by saddle points are 
<latexit sha1_base64="u4l4fr/3vA8Uq50P8ITvsqfo/1E=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9kVURGEghePFewHtEvJptk2NMmGJCvUpT/CiwdFvPp7vPlvTNs9aOuDgcd7M8zMixRnxvr+t1dYWV1b3yhulra2d3b3yvsHTZOkmtAGSXii2xE2lDNJG5ZZTttKUywiTlvR6Hbqtx6pNiyRD3asaCjwQLKYEWyd1Hq66SqBWK9c8av+DGiZBDmpQI56r/zV7SckFVRawrExncBXNsywtoxwOil1U0MVJiM8oB1HJRbUhNns3Ak6cUofxYl2JS2aqb8nMiyMGYvIdQpsh2bRm4r/eZ3UxldhxqRKLZVkvihOObIJmv6O+kxTYvnYEUw0c7ciMsQaE+sSKrkQgsWXl0nzrBpcVP3780rtOo+jCEdwDKcQwCXU4A7q0AACI3iGV3jzlPfivXsf89aCl88cwh94nz/UdI82</latexit>

z = ±i

In QFT near-by saddles are (complex) instantons.

Before the advent of resurgence, emphasis was in finding models 
with Borel resummable expansions. Practically, this boiled down in 

determining the sign of the leading order coefficient in 
<latexit sha1_base64="vodC7Mo98o2wGs5F2HxByMOPYO4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69rBbBU0lEVDwVvHisYNpCG8tmu22XbjZhdyKU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhYkUBl332ymsrK6tbxQ3S1vbO7t75f2DholTzbjPYhnrVkgNl0JxHwVK3ko0p1EoeTMc3U795hPXRsTqAccJDyI6UKIvGEUr+eqYPqpuueJW3RnIMvFyUoEc9W75q9OLWRpxhUxSY9qem2CQUY2CST4pdVLDE8pGdMDblioacRNks2Mn5NQqPdKPtS2FZKb+nshoZMw4Cm1nRHFoFr2p+J/XTrF/HWRCJSlyxeaL+qkkGJPp56QnNGcox5ZQpoW9lbAh1ZShzadkQ/AWX14mjfOqd1l17y8qtZs8jiIcwQmcgQdXUIM7qIMPDAQ8wyu8Ocp5cd6dj3lrwclnDuEPnM8fZ4uOZQ==</latexit>

n!an

[Vainhstein 1964; Lam 1968; Bender&Wu 1969; Lipatov 1976; …]
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In special cases, like the anharmonic oscillator in QM, and 2d or 3d           
theories, perturbation theory has been proved to be Borel resummable.

�4
<latexit sha1_base64="x6TeayHiYna/Dbo7Mu6BRDl4hFE=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqexKQfFU8OKxgv2Adi3ZNNvGZpMlyQpl6X/w4kERr/4fb/4b03YP2vpg4PHeDDPzwkRwYz3vGxXW1jc2t4rbpZ3dvf2D8uFRy6hUU9akSijdCYlhgkvWtNwK1kk0I3EoWDsc38z89hPThit5bycJC2IylDzilFgntXrJiD/U+uWKV/XmwKvEz0kFcjT65a/eQNE0ZtJSQYzp+l5ig4xoy6lg01IvNSwhdEyGrOuoJDEzQTa/dorPnDLAkdKupMVz9fdERmJjJnHoOmNiR2bZm4n/ed3URldBxmWSWibpYlGUCmwVnr2OB1wzasXEEUI1d7diOiKaUOsCKrkQ/OWXV0nroup7Vf+uVqlf53EU4QRO4Rx8uIQ63EIDmkDhEZ7hFd6QQi/oHX0sWgsonzmGP0CfPzvljt0=</latexit><latexit sha1_base64="x6TeayHiYna/Dbo7Mu6BRDl4hFE=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqexKQfFU8OKxgv2Adi3ZNNvGZpMlyQpl6X/w4kERr/4fb/4b03YP2vpg4PHeDDPzwkRwYz3vGxXW1jc2t4rbpZ3dvf2D8uFRy6hUU9akSijdCYlhgkvWtNwK1kk0I3EoWDsc38z89hPThit5bycJC2IylDzilFgntXrJiD/U+uWKV/XmwKvEz0kFcjT65a/eQNE0ZtJSQYzp+l5ig4xoy6lg01IvNSwhdEyGrOuoJDEzQTa/dorPnDLAkdKupMVz9fdERmJjJnHoOmNiR2bZm4n/ed3URldBxmWSWibpYlGUCmwVnr2OB1wzasXEEUI1d7diOiKaUOsCKrkQ/OWXV0nroup7Vf+uVqlf53EU4QRO4Rx8uIQ63EIDmkDhEZ7hFd6QQi/oHX0sWgsonzmGP0CfPzvljt0=</latexit><latexit sha1_base64="x6TeayHiYna/Dbo7Mu6BRDl4hFE=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqexKQfFU8OKxgv2Adi3ZNNvGZpMlyQpl6X/w4kERr/4fb/4b03YP2vpg4PHeDDPzwkRwYz3vGxXW1jc2t4rbpZ3dvf2D8uFRy6hUU9akSijdCYlhgkvWtNwK1kk0I3EoWDsc38z89hPThit5bycJC2IylDzilFgntXrJiD/U+uWKV/XmwKvEz0kFcjT65a/eQNE0ZtJSQYzp+l5ig4xoy6lg01IvNSwhdEyGrOuoJDEzQTa/dorPnDLAkdKupMVz9fdERmJjJnHoOmNiR2bZm4n/ed3URldBxmWSWibpYlGUCmwVnr2OB1wzasXEEUI1d7diOiKaUOsCKrkQ/OWXV0nroup7Vf+uVqlf53EU4QRO4Rx8uIQ63EIDmkDhEZ7hFd6QQi/oHX0sWgsonzmGP0CfPzvljt0=</latexit><latexit sha1_base64="x6TeayHiYna/Dbo7Mu6BRDl4hFE=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqexKQfFU8OKxgv2Adi3ZNNvGZpMlyQpl6X/w4kERr/4fb/4b03YP2vpg4PHeDDPzwkRwYz3vGxXW1jc2t4rbpZ3dvf2D8uFRy6hUU9akSijdCYlhgkvWtNwK1kk0I3EoWDsc38z89hPThit5bycJC2IylDzilFgntXrJiD/U+uWKV/XmwKvEz0kFcjT65a/eQNE0ZtJSQYzp+l5ig4xoy6lg01IvNSwhdEyGrOuoJDEzQTa/dorPnDLAkdKupMVz9fdERmJjJnHoOmNiR2bZm4n/ed3URldBxmWSWibpYlGUCmwVnr2OB1wzasXEEUI1d7diOiKaUOsCKrkQ/OWXV0nroup7Vf+uVqlf53EU4QRO4Rx8uIQ63EIDmkDhEZ7hFd6QQi/oHX0sWgsonzmGP0CfPzvljt0=</latexit>

This has led to a longstanding application in statistical physics, in 
the study of second order phase transitions (critical phenomena).  

Main observables: critical exponents
Two main approaches:

[Wilson, Fisher, 1972]

[Parisi, 1980]

• epsilon expansion: start from                     and Borel 
resum series in    for critical exponents

<latexit sha1_base64="wZAufdbXHzhSeZHvDfFe8J7NO8I=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4sSRSVASh4MVjBfsBTSibzaZdutksuxuhhP4NLx4U8eqf8ea/cdvmoK0PBh7vzTAzL5ScaeO6387K6tr6xmZpq7y9s7u3Xzk4bOs0U4S2SMpT1Q2xppwJ2jLMcNqViuIk5LQTju6mfueJKs1S8WjGkgYJHggWM4KNlfzotn7uU6kZT0W/UnVr7gxomXgFqUKBZr/y5UcpyRIqDOFY657nShPkWBlGOJ2U/UxTickID2jPUoETqoN8dvMEnVolQnGqbAmDZurviRwnWo+T0HYm2Az1ojcV//N6mYmvg5wJmRkqyHxRnHFkUjQNAEVMUWL42BJMFLO3IjLEChNjYyrbELzFl5dJ+6LmXdbch3q1cVPEUYJjOIEz8OAKGnAPTWgBAQnP8ApvTua8OO/Ox7x1xSlmjuAPnM8fcPORRw==</latexit>

d = 4� ✏
<latexit sha1_base64="6mevjwZA/UM0UYbP2IqMg/1PeT8=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EVKwCNpYRTAwkR9jbzCVL9nbP3T0hhPwJGwtFbP07dv4bN8kVmvhg4PHeDDPzolRwY33/2yusrK6tbxQ3S1vbO7t75f2DplGZZthgSijdiqhBwSU2LLcCW6lGmkQCH6LhzdR/eEJtuJL3dpRimNC+5DFn1Dqp1cHUcKFkt1zxq/4MZJkEOalAjnq3/NXpKZYlKC0T1Jh24Kc2HFNtORM4KXUygyllQ9rHtqOSJmjC8ezeCTlxSo/ESruSlszU3xNjmhgzSiLXmVA7MIveVPzPa2c2vgrHXKaZRcnmi+JMEKvI9HnS4xqZFSNHKNPc3UrYgGrKrIuo5EIIFl9eJs2zanBR9e/OK7XrPI4iHMExnEIAl1CDW6hDAxgIeIZXePMevRfv3fuYtxa8fOYQ/sD7/AFMD5Ad</latexit>✏

• Fixed dimension expansion: Borel resum the                                                                                      
<latexit sha1_base64="lo/jyyRUrqbDUvD8lPB+20L20JQ=">AAAB+HicbZBNS8NAEIYn9avWj0Y9ellsBU8lqaAiCAUvHivYD2hD2Ww27dJNNuxuhBr6S7x4UMSrP8Wb/8Ztm4O2zunhfWeYmddPOFPacb6twtr6xuZWcbu0s7u3X7YPDttKpJLQFhFcyK6PFeUspi3NNKfdRFIc+Zx2/PHtzO88UqmYiB/0JKFehIcxCxnB2kgDu1wNbs6rSEhkoF5FA7vi1Jx5oVVwc6hAXs2B/dUPBEkjGmvCsVI910m0l2GpGeF0WuqniiaYjPGQ9gzGOKLKy+aHT9GpUQIUmu2hiDWaq78nMhwpNYl80xlhPVLL3kz8z+ulOrzyMhYnqaYxWSwKU460QLMUUMAkJZpPDGAimbkVkRGWmGiTVcmE4C6/vArtes29qDn39UrjOo+jCMdwAmfgwiU04A6a0AICKTzDK7xZT9aL9W59LFoLVj5zBH/K+vwBB6yQtA==</latexit>

d = 3 or d = 2
<latexit sha1_base64="bi744Y3ImZ0eKzLRecMcM98TxyY=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WWwFL5akBxVPBS8eK9gPaEPZbDft0s0m7E6UEvtTvHhQxKu/xJv/xk2bg7Y+GHi8N8PMPD8WXIPjfFuFtfWNza3idmlnd2//wC4ftnWUKMpaNBKR6vpEM8ElawEHwbqxYiT0Bev4k5vM7zwwpXkk72EaMy8kI8kDTgkYaWCXq32fAameB4mkmYQHdsWpOXPgVeLmpIJyNAf2V38Y0SRkEqggWvdcJwYvJQo4FWxW6ieaxYROyIj1DJUkZNpL56fP8KlRhjiIlCkJeK7+nkhJqPU09E1nSGCsl71M/M/rJRBceSmXcQJM0sWiIBEYIpzlgIdcMQpiagihiptbMR0TRSiYtEomBHf55VXSrtfci5pzV680rvM4iugYnaAz5KJL1EC3qIlaiKJH9Ixe0Zv1ZL1Y79bHorVg5TNH6A+szx8pEJND</latexit>

�-function and look for its zeros.

Both methods generally compatible with each other. With 
a few coefficient terms an accuracy            is obtained.

<latexit sha1_base64="21fARy/XeIJLNcMENYZv3p1wl98=">AAAB7XicbVA9SwNBEJ2LXzF+RS1tFpOAVbhLEUUsAjaWEcwHJEfY2+wla/Z2j909IRz5DzYWitj6f+z8N26SKzTxwcDjvRlm5gUxZ9q47reT29jc2t7J7xb29g8Oj4rHJ20tE0Voi0guVTfAmnImaMsww2k3VhRHAaedYHI79ztPVGkmxYOZxtSP8EiwkBFsrNQu33j9SnlQLLlVdwG0TryMlCBDc1D86g8lSSIqDOFY657nxsZPsTKMcDor9BNNY0wmeER7lgocUe2ni2tnqGKVIQqlsiUMWqi/J1IcaT2NAtsZYTPWq95c/M/rJSa88lMm4sRQQZaLwoQjI9H8dTRkihLDp5Zgopi9FZExVpgYG1DBhuCtvrxO2rWqV6+697VS4zqLIw9ncA4X4MElNOAOmtACAo/wDK/w5kjnxXl3PpatOSebOYU/cD5/AMCJjec=</latexit>

< 1%

Various algorithms developed to numerically 
reconstruct the Borel function from truncated series. 

[Baker et al., 1976; Le Guillou, Zinn-Justin, 1980; …  Guida, Zinn-Justin, 1998; … ]
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Such singularities are called renormalons and are still today little understood.

[Gross&Neveu 1974; Lautrup 1977;’t Hooft 1977; …]

However, most interesting theories, including notably 4d 
gauge theories, are not Borel resummable.

Long ago it was found that if a theory contains classically dimensionless 
couplings, then unavoidably we have singularities in the Borel real positive axis.

What can we do if an asymptotic series is not Borel summable? 

Resurgence seems to be a possible answer!

10

Renormalons arise from specific Feynman diagrams 
which give a factorially large contribution. 

In contrast to instantons, where the factorial growth 
arises from the multiplicity of the Feynman diagrams. 



Basics of resurgence: the Airy function

<latexit sha1_base64="APfHLy0O4atH5s2qQJRoQUXmwbQ=">AAAB+HicbZDLSsNAFIZPvNZ6adSlm8EirZuSiKgIQsGNywr2Am0ok+mkHTqZhJmJtIY+iRsXirj1Udz5Nk7bLLT1h4GP/5zDOfP7MWdKO863tbK6tr6xmdvKb+/s7hXs/YOGihJJaJ1EPJItHyvKmaB1zTSnrVhSHPqcNv3h7bTefKRSsUg86HFMvRD3BQsYwdpYXbsQlErl0Sm6QSMUGOjaRafizISWwc2gCJlqXfur04tIElKhCcdKtV0n1l6KpWaE00m+kygaYzLEfdo2KHBIlZfODp+gE+P0UBBJ84RGM/f3RIpDpcahbzpDrAdqsTY1/6u1Ex1ceSkTcaKpIPNFQcKRjtA0BdRjkhLNxwYwkczcisgAS0y0ySpvQnAXv7wMjbOKe1Fx7s+L1essjhwcwTGUwYVLqMId1KAOBBJ4hld4s56sF+vd+pi3rljZzCH8kfX5A3bvkP8=</latexit>

f 00(x) = xf(x)

<latexit sha1_base64="rJYtz9qSqQXvXFCva7FqXjdTzAA="></latexit>

Insert dummy variable ✏ and complexify x ! z

<latexit sha1_base64="4B1rNOCtSlkj2Py3+rZ2peue8o8=">AAACAXicbZDLSgMxFIYz9VbrbdSN4CZYpHVTZkRUBKHgxmUFe4F2KJn0TBuayQxJRmhL3fgqblwo4ta3cOfbmLaz0NYfAh//OYeT8/sxZ0o7zreVWVpeWV3Lruc2Nre2d+zdvZqKEkmhSiMeyYZPFHAmoKqZ5tCIJZDQ51D3+zeTev0BpGKRuNeDGLyQdAULGCXaWG37oAWxYjwSOCgUisMTfI2HODDQtvNOyZkKL4KbQh6lqrTtr1YnokkIQlNOlGq6Tqy9EZGaUQ7jXCtREBPaJ11oGhQkBOWNpheM8bFxOjiIpHlC46n7e2JEQqUGoW86Q6J7ar42Mf+rNRMdXHojJuJEg6CzRUHCsY7wJA7cYRKo5gMDhEpm/oppj0hCtQktZ0Jw509ehNppyT0vOXdn+fJVGkcWHaIjVEQuukBldIsqqIooekTP6BW9WU/Wi/VufcxaM1Y6s4/+yPr8AVBnlNU=</latexit>

✏f 00(z) = zf(z)

<latexit sha1_base64="PCQsMuq95j/0P/wk8reZLVj/Hyc="></latexit>

Look for solutions ef±(z) as series in ✏:

<latexit sha1_base64="hQaS6Od1nIYE1T8c+1JCrAl1tjs="></latexit>

ef± = z�
1
4 e±

2
3✏ z

3
2

1X

n=0

c±n (✏z
� 3

2 )n
<latexit sha1_base64="a74mDGNkK/R1g8woiLO/nMlnF0s=">AAACEnicbVDLTgIxFO3gC/GFunRTJCawITNK1LgiunGJiTwSZiCd0oGGtjNpOyaE8A1u/BU3LjTGrSt3/o0dmIWCJ2lycs65ub3HjxhV2ra/rczK6tr6RnYzt7W9s7uX3z9oqjCWmDRwyELZ9pEijArS0FQz0o4kQdxnpOWPbhK/9UCkoqG41+OIeBwNBA0oRtpIvXwZ90TXjbirKIeiAN1rOii5BaNAN5AIw7NqIpW7Jlu0K/YMcJk4KSmCFPVe/svthzjmRGjMkFIdx460N0FSU8zINOfGikQIj9CAdAwViBPlTWYnTeGJUfowCKV5QsOZ+ntigrhSY+6bJEd6qBa9RPzP68Q6uPQmVESxJgLPFwUxgzqEST+wTyXBmo0NQVhS81eIh8g0oU2LOVOCs3jyMmmeVpzzin1XLdau0jqy4AgcgxJwwAWogVtQBw2AwSN4Bq/gzXqyXqx362MezVjpzCH4A+vzBxHRm8s=</latexit>

c±n ⇠ n!
⇣
± 3

4

⌘n
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Figure 1: Stokes lines and their orientation for the Airy function. The branch-cut (red) is also
reported.

They are analytic in the cut complex t-plane, with a branch-cut singularity at t± = ±4z3/2/3.

Define the inverse Borel transform along a ray in the t-plane as

s✓f(✏) =
1

✏

Z ei✓1

0
dt e

� t
✏Bf(t) ⌘

1

✏

Z

C✓
dt e

� t
✏Bf(t) . (2.12)

We then define

 ± = s✓ ± (2.13)

in some wedge of the complex plane delimited by ✓ where  ± are analytic. If z = |z| exp(i�),

we see that at ✓ = 3/2� for B + and at ✓ = 3/2� � ⇡ for B + the integral in (2.12) is not

well-defined because the contour of integration hits the branch-cut singularity. The solutions

y± are then not well-defined over the whole complex z-plane, but only in wedges delimited by

Stokes lines, where the asymptotic series are Borel resummable, see fig.1. Since Arg ✓  ⇡, we

have Arg�  2⇡/3. We can compute the discontinuity s✓+ � s✓� , where + and � are oriented

so to reduce to a clockwise small circle in case of a simple pole singularity.4 In this way, we will

be able to connect the solutions y± in the di↵erent regions of the complex plane. Denote for

simplicity t̂ = tz
�3/2. The expansion of B ± around t̂ = ±4/3 equals

B +|t̂=4/3 = �
1

2⇡
log

⇣
t̂�

4

3

⌘
B �|t̂=0 + reg ,

B �|t̂=�4/3 = �
1

2⇡
log

⇣
� t̂�

4

3

⌘
B +|t̂=0 + reg , (2.14)

where reg stands for analytic terms and the Borel functions in the right-hand-side are expanded

around the origin. The above formula allows us to easily compute the connection formulas. If

 I
+ and  II

+ are the values of  + in two regions separated by a Stokes line for  +, we have at

4For a singularity on the real positive axis, the contours + and � are respectively in the upper and lower
complex t-plane.
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III

III

<latexit sha1_base64="J0U3dy/f82HvevFJBffNTVJhaGI=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoMgCGFXRMVTwIvHCOYByRpmZ3uTIbMPZnoNYcl/ePGgiFf/xZt/4yTZgyYWNBRV3XR3eYkUGm372yqsrK6tbxQ3S1vbO7t75f2Dpo5TxaHBYxmrtsc0SBFBAwVKaCcKWOhJaHnD26nfegKlRRw94DgBN2T9SASCMzTSY3ckfEAhfaBB76xXrthVewa6TJycVEiOeq/81fVjnoYQIZdM645jJ+hmTKHgEialbqohYXzI+tAxNGIhaDebXT2hJ0bxaRArUxHSmfp7ImOh1uPQM50hw4Fe9Kbif14nxeDazUSUpAgRny8KUkkxptMIqC8UcJRjQxhXwtxK+YApxtEEVTIhOIsvL5PmedW5rNr3F5XaTR5HkRyRY3JKHHJFauSO1EmDcKLIM3klb9bIerHerY95a8HKZw7JH1ifPwPLkio=</latexit>

ef+

<latexit sha1_base64="e9igqctJJ3T1GikpZYkfbZhr2UQ=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoPgxbArouIp4MVjBPOAZA2zs73JkNkHM72GsOQ/vHhQxKv/4s2/cZLsQRMLGoqqbrq7vEQKjbb9bRVWVtfWN4qbpa3tnd298v5BU8ep4tDgsYxV22MapIiggQIltBMFLPQktLzh7dRvPYHSIo4ecJyAG7J+JALBGRrpsTsSPqCQPtCgd9YrV+yqPQNdJk5OKiRHvVf+6voxT0OIkEumdcexE3QzplBwCZNSN9WQMD5kfegYGrEQtJvNrp7QE6P4NIiVqQjpTP09kbFQ63Homc6Q4UAvelPxP6+TYnDtZiJKUoSIzxcFqaQY02kE1BcKOMqxIYwrYW6lfMAU42iCKpkQnMWXl0nzvOpcVu37i0rtJo+jSI7IMTklDrkiNXJH6qRBOFHkmbySN2tkvVjv1se8tWDlM4fkD6zPHwbTkiw=</latexit>

ef�

<latexit sha1_base64="e9igqctJJ3T1GikpZYkfbZhr2UQ=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoPgxbArouIp4MVjBPOAZA2zs73JkNkHM72GsOQ/vHhQxKv/4s2/cZLsQRMLGoqqbrq7vEQKjbb9bRVWVtfWN4qbpa3tnd298v5BU8ep4tDgsYxV22MapIiggQIltBMFLPQktLzh7dRvPYHSIo4ecJyAG7J+JALBGRrpsTsSPqCQPtCgd9YrV+yqPQNdJk5OKiRHvVf+6voxT0OIkEumdcexE3QzplBwCZNSN9WQMD5kfegYGrEQtJvNrp7QE6P4NIiVqQjpTP09kbFQ63Homc6Q4UAvelPxP6+TYnDtZiJKUoSIzxcFqaQY02kE1BcKOMqxIYwrYW6lfMAU42iCKpkQnMWXl0nzvOpcVu37i0rtJo+jSI7IMTklDrkiNXJH6qRBOFHkmbySN2tkvVjv1se8tWDlM4fkD6zPHwbTkiw=</latexit>

ef�

<latexit sha1_base64="LA3QD2tQnb7rfOM7yeI27Fch+Rs=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKNVYkNpYY5SOBC9lb5mDD3t5ld88ECT/BxkJjbP1Fdv4bF7hCwZdM8vLeTGbmBYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbmZ+6xGV5rF8MOME/YgOJA85o8ZK9+Wncq9YcivuHGSVeBkpQYZ6r/jV7ccsjVAaJqjWHc9NjD+hynAmcFrophoTykZ0gB1LJY1Q+5P5qVNyZpU+CWNlSxoyV39PTGik9TgKbGdEzVAvezPxP6+TmvDKn3CZpAYlWywKU0FMTGZ/kz5XyIwYW0KZ4vZWwoZUUWZsOgUbgrf88ippViveRcW9q5Zq11kceTiBUzgHDy6hBrdQhwYwGMAzvMKbI5wX5935WLTmnGzmGP7A+fwBn5qNVQ==</latexit>z
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<latexit sha1_base64="WjWze8noVhpo20t6legnsCH0H0Q="></latexit>

When ✏z�3/2 is real, either ef+ or ef� is not.

<latexit sha1_base64="mc/jvtSvBWQQbWA+EXgH1WhgYVQ="></latexit>

For generic z both ef± are Borel summable.



<latexit sha1_base64="O0dlvqJ6f2keNBiuojp8lsPOgFg=">AAACDnicbVC7TgJBFJ3FF+ILtbSZCCQWhuxS+OhIbLTDRB4JEHJ3uAsTZmc3M7MkhPAFNv6KjYXG2Frb+TcOj0LBk9zk5Jx7Z+49fiy4Nq777aTW1jc2t9LbmZ3dvf2D7OFRTUeJYlhlkYhUwweNgkusGm4ENmKFEPoC6/7gZurXh6g0j+SDGcXYDqEnecAZGCt1soW7gOZbQ1Bxn+cp1xQkBT0KYxMZzqhGxVGfd7I5t+jOQFeJtyA5skClk/1qdSOWhCgNE6B103Nj0x6Dso8KnGRaicYY2AB62LRUQoi6PZ6dM6EFq3RpEClb0tCZ+ntiDKG2K/q2MwTT18veVPzPayYmuGqPuYwTg5LNPwoSQU1Ep9nQLlfIjBhZAkzxaQCsDwqYsQlmbAje8smrpFYqehdF976UK18v4kiTE3JKzohHLkmZ3JIKqRJGHskzeSVvzpPz4rw7H/PWlLOYOSZ/4Hz+ALlrm0M=</latexit>

If ' is an asymptotic series,

<latexit sha1_base64="DBeSv8yMQh0EA6afw8Vu8GSkXsU="></latexit>

s±(') =
1

✏

Z

C±

dt e�t/✏'̂(t)

<latexit sha1_base64="EB+wB9Pqhm5mjKIWsFn+ZMSgxTU=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKNVYkNpYYBUngQvaWPdiwt3fZnTMhF36CjYXG2PqL7Pw3LnCFgi+Z5OW9mczMCxIpDLrut1NYW9/Y3Cpul3Z29/YPyodHbROnmvEWi2WsOwE1XArFWyhQ8k6iOY0CyR+D8c3Mf3zi2ohYPeAk4X5Eh0qEglG00n0Vq/1yxa25c5BV4uWkAjma/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbzyM6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWXV0m7XvMuau5dvdK4zuMowgmcwjl4cAkNuIUmtIDBEJ7hFd4c6bw4787HorXg5DPH8AfO5w+WfI1P</latexit>

t

<latexit sha1_base64="t1lwZqQ/iLZg66wzEx0UpOWSbUQ=">AAAB83icbVDLSgNBEOyNrxhfUY9eBhNBEMJuDiqeArl4jGAekF3C7GQ2GTI7u8xDCEt+w4sHRbz6M978GyfJHjSxoKGo6qa7K0w5U9p1v53CxubW9k5xt7S3f3B4VD4+6ajESELbJOGJ7IVYUc4EbWumOe2lkuI45LQbTppzv/tEpWKJeNTTlAYxHgkWMYK1lfxq5hPMUXM2uKoOyhW35i6A1omXkwrkaA3KX/4wISamQhOOlep7bqqDDEvNCKezkm8UTTGZ4BHtWypwTFWQLW6eoQurDFGUSFtCo4X6eyLDsVLTOLSdMdZjterNxf+8vtHRbZAxkRpNBVkuigxHOkHzANCQSUo0n1qCiWT2VkTGWGKibUwlG4K3+vI66dRr3nXNfahXGnd5HEU4g3O4BA9uoAH30II2EEjhGV7hzTHOi/PufCxbC04+cwp/4Hz+AH/nkKY=</latexit>

C+

<latexit sha1_base64="oiulTugrpZupdKwkQD0doFkEcms=">AAAB83icbVDLSgNBEOyNrxhfUY9eBhPBi2E3BxVPgVw8RjAPyC5hdjKbDJmdXeYhhCW/4cWDIl79GW/+jZNkD5pY0FBUddPdFaacKe26305hY3Nre6e4W9rbPzg8Kh+fdFRiJKFtkvBE9kKsKGeCtjXTnPZSSXEcctoNJ825332iUrFEPOppSoMYjwSLGMHaSn418wnmqDkbXFUH5YpbcxdA68TLSQVytAblL3+YEBNToQnHSvU9N9VBhqVmhNNZyTeKpphM8Ij2LRU4pirIFjfP0IVVhihKpC2h0UL9PZHhWKlpHNrOGOuxWvXm4n9e3+joNsiYSI2mgiwXRYYjnaB5AGjIJCWaTy3BRDJ7KyJjLDHRNqaSDcFbfXmddOo177rmPtQrjbs8jiKcwTlcggc30IB7aEEbCKTwDK/w5hjnxXl3PpatBSefOYU/cD5/AILxkKg=</latexit>

C�

<latexit sha1_base64="gn6C4F4fwgmWhIYDIWRr2IplFpw=">AAACHXicbVDLSgMxFM34tr6qLt0Eq9AirTNFVFwJblwq2Ad0xiGT3rahmcyQZApl6I+48VfcuFDEhRvxb0zrIFo9cOHknHvJvSeIOVPatj+smdm5+YXFpeXcyura+kZ+c6uuokRSqNGIR7IZEAWcCahppjk0YwkkDDg0gv7F2G8MQCoWiRs9jMELSVewDqNEG8nPH+0p/6DoDoiMe6xUVn75+4FdxUIMt2nZOSwS7EKsGI9EabTn5wt2xZ4A/yVORgoow5Wff3PbEU1CEJpyolTLsWPtpURqRjmMcm6iICa0T7rQMlSQEJSXTq4b4X2jtHEnkqaExhP150RKQqWGYWA6Q6J7atobi/95rUR3Tr2UiTjRIOjXR52EYx3hcVS4zSRQzYeGECqZ2RXTHpGEahNozoTgTJ/8l9SrFee4Yl9XC+dnWRxLaAftoiJy0Ak6R5foCtUQRXfoAT2hZ+veerRerNev1hkrm9lGv2C9fwLXwp/i</latexit>

s+(')� s�(') ⇠ e�1/(a✏) Stokes discontinuity
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First key-point: the same asymptotic series gives rise 
to different functions in different wedges of the 

complex plane because of the Stokes discontinuity

I

II
<latexit sha1_base64="PHYIxWCOUvyavL5pYKfWOnvlHlU=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LLaCp5L0oOKp4MXeKtgPaGLZbDft0t0k7G4KJfSfePGgiFf/iTf/jds2B219MPB4b4aZeUHCmdKO820VNja3tneKu6W9/YPDI/v4pK3iVBLaIjGPZTfAinIW0ZZmmtNuIikWAaedYHw39zsTKhWLo0c9Tagv8DBiISNYG6lv25Ww7yXiKfOkQI3GrNK3y07VWQCtEzcnZcjR7Ntf3iAmqaCRJhwr1XOdRPsZlpoRTmclL1U0wWSMh7RnaIQFVX62uHyGLowyQGEsTUUaLdTfExkWSk1FYDoF1iO16s3F/7xeqsMbP2NRkmoakeWiMOVIx2geAxowSYnmU0MwkczcisgIS0y0CatkQnBXX14n7VrVvao6D7Vy/TaPowhncA6X4MI11OEemtACAhN4hld4szLrxXq3PpatBSufOYU/sD5/AGAIks8=</latexit>

f II
±

<latexit sha1_base64="a/m3DxI7rnull5k7ZhvB4xU2jsQ=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEVPJWkBxVPBS96q2A/oIlls920S3eTsLsRaugv8eJBEa/+FG/+G7dtDtr6YODx3gwz84KEM6Ud59sqrK1vbG4Vt0s7u3v7ZfvgsK3iVBLaIjGPZTfAinIW0ZZmmtNuIikWAaedYHw98zuPVCoWR/d6klBf4GHEQkawNlLfLlfDvpeIh8yTAt1Oq3274tScOdAqcXNSgRzNvv3lDWKSChppwrFSPddJtJ9hqRnhdFryUkUTTMZ4SHuGRlhQ5Wfzw6fo1CgDFMbSVKTRXP09kWGh1EQEplNgPVLL3kz8z+ulOrz0MxYlqaYRWSwKU450jGYpoAGTlGg+MQQTycytiIywxESbrEomBHf55VXSrtfc85pzV680rvI4inAMJ3AGLlxAA26gCS0gkMIzvMKb9WS9WO/Wx6K1YOUzR/AH1ucPxwWSfA==</latexit>

f I
±

Similarly in the other two boundaries of wedges.

Figure 1: Stokes lines and their orientation for the Airy function. The branch-cut (red) is also
reported.

They are analytic in the cut complex t-plane, with a branch-cut singularity at t± = ±4z3/2/3.

Define the inverse Borel transform along a ray in the t-plane as

s✓f(✏) =
1

✏

Z ei✓1

0
dt e

� t
✏Bf(t) ⌘

1

✏

Z

C✓
dt e

� t
✏Bf(t) . (2.12)

We then define

 ± = s✓ ± (2.13)

in some wedge of the complex plane delimited by ✓ where  ± are analytic. If z = |z| exp(i�),

we see that at ✓ = 3/2� for B + and at ✓ = 3/2� � ⇡ for B + the integral in (2.12) is not

well-defined because the contour of integration hits the branch-cut singularity. The solutions

y± are then not well-defined over the whole complex z-plane, but only in wedges delimited by

Stokes lines, where the asymptotic series are Borel resummable, see fig.1. Since Arg ✓  ⇡, we

have Arg�  2⇡/3. We can compute the discontinuity s✓+ � s✓� , where + and � are oriented

so to reduce to a clockwise small circle in case of a simple pole singularity.4 In this way, we will

be able to connect the solutions y± in the di↵erent regions of the complex plane. Denote for

simplicity t̂ = tz
�3/2. The expansion of B ± around t̂ = ±4/3 equals

B +|t̂=4/3 = �
1

2⇡
log

⇣
t̂�

4

3

⌘
B �|t̂=0 + reg ,

B �|t̂=�4/3 = �
1

2⇡
log

⇣
� t̂�

4

3

⌘
B +|t̂=0 + reg , (2.14)

where reg stands for analytic terms and the Borel functions in the right-hand-side are expanded

around the origin. The above formula allows us to easily compute the connection formulas. If

 I
+ and  II

+ are the values of  + in two regions separated by a Stokes line for  +, we have at

the boundary between the two regions

 II
+ � I

+ = (s✓+ � s✓�)( +) =
⇣
�

1

2⇡✏

⌘⇣Z

C✓+
�

Z

C�
✓

⌘
e
� t

✏ log
⇣
t̂�

4

3

⌘
B 

I
�. (2.15)

We have

⇣Z

C✓+
�

Z

C�
✓

⌘
f(t) log

⇣
t̂�

4

3

⌘
=

Z

C✓

✓
log

⇣
t̂�

4

3

⌘
� log e2i⇡

⇣
t̂�

4

3

⌘◆
f(t) = �2i⇡

Z

C✓
f(t) , (2.16)

4For a singularity on the real positive axis, the contours + and � are respectively in the upper and lower
complex t-plane.
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<latexit sha1_base64="KHdoyUWWGvs09JP7Rm7G7UdyBQM=">AAACA3icbVDLSgMxFM3UV62vUXe6CbaCIJSZLlQEoeDG7irYB7TjkEkzbWiSGZKMUIYBN/6KGxeKuPUn3Pk3pg9QqwcunJxzL7n3BDGjSjvOp5VbWFxaXsmvFtbWNza37O2dpooSiUkDRyyS7QApwqggDU01I+1YEsQDRlrB8HLst+6IVDQSN3oUE4+jvqAhxUgbybf3SqF/fJt2JYe1Wnbx/chKvl10ys4E8C9xZ6QIZqj79ke3F+GEE6ExQ0p1XCfWXoqkppiRrNBNFIkRHqI+6RgqECfKSyc3ZPDQKD0YRtKU0HCi/pxIEVdqxAPTyZEeqHlvLP7ndRIdnnkpFXGiicDTj8KEQR3BcSCwRyXBmo0MQVhSsyvEAyQR1ia2ggnBnT/5L2lWyu5J2bmuFKvnszjyYB8cgCPgglNQBVegDhoAg3vwCJ7Bi/VgPVmv1tu0NWfNZnbBL1jvX8bBlkw=</latexit>

f II
+ = f I

+

<latexit sha1_base64="ytkDV4RRxfQjhBQc2MnSXHg2l7E=">AAACEXicbVDLSgMxFM3UV62vUZdugq1QKJaZLlQEoeDG7irYB7R1yKSZNjSZGZKMUIb5BTf+ihsXirh1586/MW1H1NYDgXPPuZebe9yQUaks69PILC2vrK5l13Mbm1vbO+buXlMGkcCkgQMWiLaLJGHUJw1FFSPtUBDEXUZa7uhy4rfuiJA08G/UOCQ9jgY+9ShGSkuOWSx4zvFt3BUc1mrJxU+RlKjnlL4LWHDMvFW2poCLxE5JHqSoO+ZHtx/giBNfYYak7NhWqHoxEopiRpJcN5IkRHiEBqSjqY84kb14elECj7TSh14g9PMVnKq/J2LEpRxzV3dypIZy3puI/3mdSHlnvZj6YaSIj2eLvIhBFcBJPLBPBcGKjTVBWFD9V4iHSCCsdIg5HYI9f/IiaVbK9knZuq7kq+dpHFlwAA5BEdjgFFTBFaiDBsDgHjyCZ/BiPBhPxqvxNmvNGOnMPvgD4/0LcPubeg==</latexit>

f II
� = f I

� + if I
+
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<latexit sha1_base64="sny18KZ5bjuKf+c/P48oASxonMs=">AAAB7nicbVA9TwJBEJ3FL8Qv1NJmI5hgQ+4o1FhhbCwxkY8ELmRv2YMNe3uX3T0jufAjbCw0xtbfY+e/cYErFHzJJC/vzWRmnh8Lro3jfKPc2vrG5lZ+u7Czu7d/UDw8aukoUZQ1aSQi1fGJZoJL1jTcCNaJFSOhL1jbH9/O/PYjU5pH8sFMYuaFZCh5wCkxVmrf8Er5qXzeL5acqjMHXiVuRkqQodEvfvUGEU1CJg0VROuu68TGS4kynAo2LfQSzWJCx2TIupZKEjLtpfNzp/jMKgMcRMqWNHiu/p5ISaj1JPRtZ0jMSC97M/E/r5uY4MpLuYwTwyRdLAoSgU2EZ7/jAVeMGjGxhFDF7a2Yjogi1NiECjYEd/nlVdKqVd2LqnNfK9WvszjycAKnUAEXLqEOd9CAJlAYwzO8whuK0Qt6Rx+L1hzKZo7hD9DnD7G5jnY=</latexit>

Ai(x)
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Let us now go back to the original Airy function over the reals.
<latexit sha1_base64="3K97z1lwwVG6tYqY7FETddF5Gm0=">AAACCXicbVDLSsNAFJ3UV62vqEs3g61QF5akC5WCUnGjuwr2AW0Mk+mkHTqZhJmJtIRu3fgrblwo4tY/cOffOG2z0OqBC4dz7uXee7yIUaks68vILCwuLa9kV3Nr6xubW+b2TkOGscCkjkMWipaHJGGUk7qiipFWJAgKPEaa3uBy4jfviZA05LdqFBEnQD1OfYqR0pJrwsLw3CpU4AUtFIeH8Az67tFd0hEBvB5roQBdM2+VrCngX2KnJA9S1Fzzs9MNcRwQrjBDUrZtK1JOgoSimJFxrhNLEiE8QD3S1pSjgEgnmX4yhgda6UI/FLq4glP150SCAilHgac7A6T6ct6biP957Vj5p05CeRQrwvFskR8zqEI4iQV2qSBYsZEmCAuqb4W4jwTCSoeX0yHY8y//JY1yyT4uWTflfLWSxpEFe2AfFIENTkAVXIEaqAMMHsATeAGvxqPxbLwZ77PWjJHO7IJfMD6+Aaaplns=</latexit>

x > 0: Ai(x) = f I
�(x)

<latexit sha1_base64="FxOsAhWBYU0MvqF9Cs1iR13PbGU=">AAACGnicbZDLSgMxFIYz9VbrbdSlm2BHqBTLTBcqRaHiRncV7AXasWTSTBuauZBkpGXoc7jxVdy4UMSduPFtTNtZ1NYfAj/fOYeT8zsho0Ka5o+WWlpeWV1Lr2c2Nre2d/TdvZoIIo5JFQcs4A0HCcKoT6qSSkYaISfIcxipO/3rcb3+SLiggX8vhyGxPdT1qUsxkgq1dcsYXJhGCV5RIzc4hpfQbZ88xC3uwduRAnmqQH4GGLCtZ82CORFcNFZisiBRpa1/tToBjjziS8yQEE3LDKUdIy4pZmSUaUWChAj3UZc0lfWRR4QdT04bwSNFOtANuHq+hBM6OxEjT4ih56hOD8memK+N4X+1ZiTdczumfhhJ4uPpIjdiUAZwnBPsUE6wZENlEOZU/RXiHuIIS5VmRoVgzZ+8aGrFgnVaMO+K2XIpiSMNDsAhyAELnIEyuAEVUAUYPIEX8AbetWftVfvQPqetKS2Z2Qd/pH3/AhFFnIo=</latexit>

x < 0: Ai(x) = f I
�(x) + if I

+(x)

x is the angle from main bow, resurgence in the sky!



Final observable (Ai) is in general not given by (the 
resummation of) a single series, but is a sum of two.

Second key-point: thanks to the Stokes discontinuity, 
we can ``discover” a second asymptotic series            

from the non-Borel summability of the first       

<latexit sha1_base64="AN38HHby3VqTg8x9lwMrQlLRUQs=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYCJEhLCbg4qngBePEcwDkiXMTnqTIbOzy8ysEEI+wosHRbz6Pd78GyfJHjSxoKGo6qa7K0gE18Z1v5219Y3Nre3cTn53b//gsHB03NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6G7mt55QaR7LRzNO0I/oQPKQM2qs1CqXwt5l6aJXKLoVdw6ySryMFCFDvVf46vZjlkYoDRNU647nJsafUGU4EzjNd1ONCWUjOsCOpZJGqP3J/NwpObdKn4SxsiUNmau/JyY00nocBbYzomaol72Z+J/XSU1440+4TFKDki0WhakgJiaz30mfK2RGjC2hTHF7K2FDqigzNqG8DcFbfnmVNKsV76riPlSLtdssjhycwhmUwYNrqME91KEBDEbwDK/w5iTOi/PufCxa15xs5gT+wPn8AWURjkQ=</latexit>

(f+)
<latexit sha1_base64="nHumbaMZJIaKBMsV7OmEylSpb/A=">AAAB7nicbVA9SwNBEJ3zM8avqKXNYiLEwnCXQsUqYGMZwXxAcoS9zVyyZG/v2N0TQsiPsLFQxNbfY+e/cZNcoYkPBh7vzTAzL0gE18Z1v5219Y3Nre3cTn53b//gsHB03NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6G7mt55QaR7LRzNO0I/oQPKQM2qs1CqXwt5l6aJXKLoVdw6ySryMFCFDvVf46vZjlkYoDRNU647nJsafUGU4EzjNd1ONCWUjOsCOpZJGqP3J/NwpObdKn4SxsiUNmau/JyY00nocBbYzomaol72Z+J/XSU1440+4TFKDki0WhakgJiaz30mfK2RGjC2hTHF7K2FDqigzNqG8DcFbfnmVNKsV76riPlSLtdssjhycwhmUwYNrqME91KEBDEbwDK/w5iTOi/PufCxa15xs5gT+wPn8AWgdjkY=</latexit>

(f�)

Airy function can also be written as an integral: 

The Stokes discontinuity is given by different saddle dominance.

<latexit sha1_base64="x8Tq+i2Qg/fMqZDP/Ew9aZ3KgsE="></latexit>

Ai(z) =

Z 1

�1
dw ei

�
w3

3 +zw
�
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In general, whenever a series is not Borel resummable, studying 
its Stokes discontinuities can allow us to get other asymptotic 

series which combine in the final result in a so called trans-series. 
In general we need an infinite number of other series.        

For example

Perturbative series
Non-Perturbative 

transseries

<latexit sha1_base64="6MArt6BMP6lqVToNZMAiUwX2Q3I=">AAACHHicbVDLSgMxFM34rPU16tJNsAiCWmdUVFwV3LisYB/QTksmTdvQJDMkGaEM8yFu/BU3LhRx40Lwb8xMZ6GtBy4czjmX5B4/ZFRpx/m25uYXFpeWCyvF1bX1jU17a7uugkhiUsMBC2TTR4owKkhNU81IM5QEcZ+Rhj+6Sf3GA5GKBuJej0PicTQQtE8x0kbq2mdtFfGugNjMoCPgIcyEmB+JBJJOfDyA/AQlxp9IaaZrl5yykwHOEjcnJZCj2rU/270AR5wIjRlSquU6ofZiJDXFjCTFdqRIiPAIDUjLUIE4UV6cHZfAfaP0YD+QZoSGmfp7I0ZcqTH3TZIjPVTTXir+57Ui3b/yYirCSBOBJw/1IwZ1ANOmYI9KgjUbG4KwpOavEA+RRFibPoumBHf65FlSPy27F2Xn7rxUuc7rKIBdsAcOgAsuQQXcgiqoAQwewTN4BW/Wk/VivVsfk+icle/sgD+wvn4AJgmgIQ==</latexit>X

n

cng
n +

X

m,n

e�gm/acm,ng
n

When the factorial growth is given by instantons, the trans-series terms are naturally 
understood as the perturbative expansion around instanton configurations.
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QM

Beautiful application of resurgence to the Schrodinger 
equation is at the base of the exact WKB method.

[Voros,1983; Aoki, Kawai, Takei, 1991; Delabaere, Dillinger, Pham, 1997; … ]

Trans-series terms in energy eigenvalues correspond 
to perturbative expansions around instantons.

[MS, Spada, Villadoro, 2016,2017]

In certain quantum mechanical models, the resurgence 
program can be successfully completed by mapping the trans-

series to an appropriate (Borel resummable) single series.

Applications in QM and QFT

Quantum mechanical systems are determined by a 
differential equation, the Schrodinger equation. 

Exact WKB is the upgrade of the WKB approximation to an 
exact method and allows us to get the explicit form of the 
trans-series for wave functions, energy eigenvalues, etc. 
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QFT

This limits its application in QFT to the few 
systems where we can have such knowledge. 

Generally observables in QFT do not satisfy ordinary 
differential equations, and resurgence requires a detailed 
knowledge of the perturbative series to be ``activated”.

Interesting example: known two-dimensional class of models which are

• free at high energies 
• dynamically generate a mass gap at low energies 
• have a continuous global symmetry which admit a large N limit

All such models are affected by renormalon singularities.
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Integrability allows us to compute many terms in perturbation theory.

All such models are integrable.

[Volin, 2010]

Resurgence beautifully works!

Established both at large N (also analytically) and at finite N (numerically).
[Marino et al, Bajnok et al, 2020-2022 ]

First successful application of resurgence in 
presence of renormalon singularities.  

In fact, the existence of renormalons have historically been 
established in such kind of models at large N.

[Gross,Neveu, 1974; David,1982,1984; Novikov et al, 1984]
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The generating series have often zero radius of convergence, 
yet this does not harm its power at weak coupling, the 

natural area of application of perturbation theory.

With resurgence, we are learning how to 
deal with non-Borel resummable series.

Conclusions

Perturbation theory is one of the most successful 
analytical tool to study physical processes.

Somewhat surprisingly, perturbation theory can be used at strong coupling.

Before resurgence, this required the series to be Borel 
resummable, a very stringent constraint. A lot of results 

mostly in the context of critical phenomena.
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Resurgence allows us for a systematic organization of strongly 
coupled theories, and an analytical understanding of non-

perturbative effects, which are efficiently captured.

We expect 1) to generally apply.    
 2) is more subtle and requires further study.

The two main pillars of resurgence are:  

1) Physical observables can be written as an infinite number of ``sufficiently 
simple” series. One of such series corresponds to the perturbative expansion, 

the others to series which include non-perturbative corrections.

2) Most (or all) of the information encoded in the trans-series 
can be reconstructed using only the perturbative series.



Resurgence requires a detailed 
knowledge of the perturbative series.

So far we mostly checked that resurgence works in 
theories where we knew the answer by other means. 

Since resurgence is not a theorem in mathematics, it is useful 
to provide additional evidence that it works in theories where 
we know the answer by other means, such as 2d CFTs, non-

integrable large N theories, SUSY theories, etc.

Resurgence techniques could also be used to 
enlarge the number of known Borel 

resummable theories (3d gauge theories?)
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Open key question: can we use resurgence to 
actually compute new observables?

In quantum mechanics it has been shown that 
observables expressed in terms of a trans-series also 

admit expansions which are Borel resummable.

Generalizing that to QFT would be a way to get 
accurate predictions with a few terms.
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Thank You

25


