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Introduction
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Proton-proton collision at LHC

Precise predictions of hard scattering 
processes require higher order corrections

Chicherin, Gehrmann, Henn, Wasser,  
Zhang, Zoia, 1812.11160
Wang, Wang, X.Xu, Xu, Yang, 2010.15649



Introduction
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• Numerical method: sector decomposition

• differential equation method

canonical master integrals 
<latexit sha1_base64="5uFJpH49pTN9x3wW1gTdNMN2ddk="></latexit>

dfi(✏, ~x) = ✏ dAij(~x)fj(✏, ~x)

d-log form integrand

[ Henn ‘2013 ]

[ Heinrich ‘2008 ]

[ N.Arkani-Hamed, J.L. Bourjaily, .etc ‘2012] 
[ T.Gehrmann, J.M. Henn, T.Huber ‘2012] 
[ J.Drummond, C.Duhr, B.Eden, .etc ‘2013] …

<latexit sha1_base64="6LDF9zMci8/um5xO2up9RpzdYjo="></latexit>

d log(↵1(~x)) ^ · · · ^ d log(↵2(~x))
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• Hypergeometric function

<latexit sha1_base64="fF8Bl2PsN0v/mf4q60UUVcBFwYg=">AAACHXicbVBNS8NAEN34WetX1aOXxSLUS0m0oAeFghePFawtNDVstpt26W4SdidiDfkhXvwrXjwoiAcv4r9x+3GorQ8GHu/NMDPPjwXXYNs/1sLi0vLKam4tv76xubVd2Nm91VGiKKvTSESq6RPNBA9ZHTgI1owVI9IXrOH3L4d+454pzaPwBgYxa0vSDXnAKQEjeYUTnJRcYA/gB+ljdnThxirqeCnPcOzxaecudbtESuLxzCsU7bI9Ap4nzoQU0QQ1r/DldiKaSBYCFUTrlmPH0E6JAk4Fy/JuollMaJ90WcvQkEim2+nouQwfGqWDg0iZCgGP1OmJlEitB9I3nZJAT896Q/E/r5VAcNZOeRgnwEI6XhQkAkOEh0nhDleMghgYQqji5lZMe0QRCibPvAnBmX15njSOy06l7DjXlWL1fJJHDu2jA1RCDjpFVXSFaqiOKHpCL+gNvVvP1qv1YX2OWxesycwe+gPr+xd/26Ks</latexit>

u(z) =
Y

i

pi(z)
�i multiple-valued fucntion

single valued n-form<latexit sha1_base64="xR5F83D+6tV3dumRe4XUEiVYeuw=">AAACAnicbVDLSsNAFJ34rPUVdSVuBotQNyWRom6EQjcuK9gHNKHcTKft0MkkzEyEEoobf8WNC0Xc+hXu/BsnbRbaemDgcM69d+49QcyZ0o7zba2srq1vbBa2its7u3v79sFhS0WJJLRJIh7JTgCKciZoUzPNaSeWFMKA03Ywrmd++4FKxSJxrycx9UMYCjZgBLSRevZxUvZikJoBx14IekSAp/Xp+Y3Ts0tOxZkBLxM3JyWUo9Gzv7x+RJKQCk04KNV1nVj7aTaccDoteomiMZAxDGnXUAEhVX46O2GKz4zSx4NImic0nqm/O1IIlZqEganMtlSLXib+53UTPbj2UybiRFNB5h8NEo51hLM8cJ9JSjSfGAJEMrMrJiOQQLRJrWhCcBdPXiati4p7WXHvqqVaNY+jgE7QKSojF12hGrpFDdREBD2iZ/SK3qwn68V6tz7mpStW3nOE/sD6/AFIKpaq</latexit>

u(@C) = 0

<latexit sha1_base64="0djRItxMbUxA2/bqpl+kNTPDc6E=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSLUS0mkoAhCwYvHCtYWmlA2m027dLMbdjdKCf0bXjwoiFd/jDf/jds2B219MPB4b4aZeWHKmTau++2srK6tb2yWtsrbO7t7+5WDwwctM0Vom0guVTfEmnImaNsww2k3VRQnIaedcHQz9TuPVGkmxb0ZpzRI8ECwmBFsrOQ/XUfI53JQy85Qv1J16+4MaJl4BalCgVa/8uVHkmQJFYZwrHXPc1MT5FgZRjidlP1M0xSTER7QnqUCJ1QH+ezmCTq1SoRiqWwJg2bq74kcJ1qPk9B2JtgM9aI3Ff/zepmJL4OciTQzVJD5ojjjyEg0DQBFTFFi+NgSTBSztyIyxAoTY2Mq2xC8xZeXSee87jXqnnfXqDavijxKcAwnUAMPLqAJt9CCNhBI4Rle4c3JnBfn3fmYt644xcwR/IHz+QMdVJDf</latexit>

w = d log(u)
<latexit sha1_base64="O0KuBlezF/6y/2H71i3ogIY3CKQ=">AAACA3icbVBNS8NAEN34WetX1ZN4WSyCIJRECoqnghePFawtNCFsNpN26WYTdzctJRQv/hUvHhTEq3/Cm//G7cdBWx8MPN6bYWZekHKmtG1/W0vLK6tr64WN4ubW9s5uaW//XiWZpNCgCU9kKyAKOBPQ0ExzaKUSSBxwaAa967Hf7INULBF3epiCF5OOYBGjRBvJLx26ggSc+APswkPG+jg8G7gDCDvgl8p2xZ4ALxJnRspohrpf+nLDhGYxCE05Uart2Kn2ciI1oxxGRTdTkBLaIx1oGypIDMrLJy+M8IlRQhwl0pTQeKL+nshJrNQwDkxnTHRXzXtj8T+vneno0suZSDMNgk4XRRnHOsHjPHDIJFDNh4YQKpm5FdMukYRqk1rRhODMv7xImucVp1pxnNtquXY1y6OAjtAxOkUOukA1dIPqqIEoekTP6BW9WU/Wi/VufUxbl6zZzAH6A+vzB2relzo=</latexit>

rw ⌘ d+ w^

twisted cohomology 

Stoke’s theorem

<latexit sha1_base64="sq6YLKhprdD8tJ8pgZPf9L5yH7A="></latexit>

I =

Z

CR

u(z)'L(z) = h'L|CR]

<latexit sha1_base64="HBAxGG4w35iCF+QG80fn+rczilo="></latexit>

'L(z) =
q(z)Q

i pi(z)
ni
dz1 ^ · · · ^ dzn

<latexit sha1_base64="/2v/ymkRLUpPPv8ZZ6Tlf/KQrdA="></latexit>

H
n
w ⌘

n
h'L|

���h'L| : 'L ⇠ 'L +rw⇠

o

<latexit sha1_base64="KwQqmp5Tu9U3F1LqZ9MorqK91ME="></latexit>

0 =

Z

CR

d(u⇠) =

Z

CR

u (d log (u) ^+d) ⇠

Baikov representation and intersection theory

[K. Aomoto, M.Kita, ‘2011] 
[Frellesvig, Gasparotto, .etc ‘2019] 
[S.Mizera ‘2018] 
[P.Mastrolia, S.Mizera ‘2019]
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• Dual integral and intersection number

twisted cohomology 

intersection number computation of intersection number

<latexit sha1_base64="C/fQVpqF+9FntddWlBz5RIS0sL0="></latexit>

Ĩ =

Z

CL

u(z)�1'R(z) = [CL|'Ri

<latexit sha1_base64="3IjW9Ln3aha4OS/WKiVW+ecqK9o="></latexit>

H
n
�w ⌘

n
|'Ri

���|'Ri : 'R ⇠ 'R +r�w⇠

o

univariate case

<latexit sha1_base64="4NfKzWKE/rA7eKQfZMWXybXwdyU=">AAACAXicbVBNS8NAEN34WetX1IvgZbEInkoior0IBS8ePFSwH9CEMNlu26WbTdjdVEqoF/+KFw+KePVfePPfuG1z0NYHA4/3ZpiZFyacKe0439bS8srq2npho7i5tb2za+/tN1ScSkLrJOaxbIWgKGeC1jXTnLYSSSEKOW2Gg+uJ3xxSqVgs7vUooX4EPcG6jIA2UmAfegJCDsED9hLFrrA3BJn0WXAb2CWn7EyBF4mbkxLKUQvsL68TkzSiQhMOSrVdJ9F+BlIzwum46KWKJkAG0KNtQwVEVPnZ9IMxPjFKB3djaUpoPFV/T2QQKTWKQtMZge6reW8i/ue1U92t+BkTSaqpILNF3ZRjHeNJHLjDJCWajwwBIpm5FZM+SCDahFY0IbjzLy+SxlnZvSi7d+elaiWPo4CO0DE6RS66RFV0g2qojgh6RM/oFb1ZT9aL9W59zFqXrHzmAP2B9fkD3taWfQ==</latexit>

rw = 'L

<latexit sha1_base64="4xN4Qps9wcJz3Vr8IlbzqsrvtlY="></latexit>

h'L|'Ri =
1

(2⇡i)n

Z
'c
L'R

is the same cohomology but vanished on boundary
<latexit sha1_base64="pb74q19aQdA+09oi4XEseoNdC6M=">AAAB8nicbVA9SwNBEJ3zM8avqKXNYRCswp2IpgzYWFhEMB+QnGFvs5cs2ds9ducC4cjPsLFQxNZfY+e/cZNcoYkPBh7vzTAzL0wEN+h5387a+sbm1nZhp7i7t39wWDo6bhqVasoaVAml2yExTHDJGshRsHaiGYlDwVrh6Hbmt8ZMG67kI04SFsRkIHnEKUErdbpjopMh790/0V6p7FW8OdxV4uekDDnqvdJXt69oGjOJVBBjOr6XYJARjZwKNi12U8MSQkdkwDqWShIzE2Tzk6fuuVX6bqS0LYnuXP09kZHYmEkc2s6Y4NAsezPxP6+TYlQNMi6TFJmki0VRKlxU7ux/t881oygmlhCqub3VpUOiCUWbUtGG4C+/vEqalxX/uuI/XJVr1TyOApzCGVyADzdQgzuoQwMoKHiGV3hz0Hlx3p2PReuak8+cwB84nz9DlJE2</latexit>

'c
L

<latexit sha1_base64="4vsfZavuhFg7dzeMSJCI6VNGocw="></latexit>

h'L|'Ri =
X

p2pole of w

Resz=p ( 'R)

[Frellesvig, Gasparotto, .etc ‘2019] 
[Weinzierl ‘2020]

Baikov representation and intersection theory
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• Reduction <latexit sha1_base64="08QmSZ7FJf6ZMju1xgDY+LtBZcE="></latexit>

I =

Z

C
u(z)'L(z)

or

<latexit sha1_base64="Jbu4C7WTuNyV+/P5KMnlfXCuk5c="></latexit>

h'L| =
⌫X

i=1

cihei|

master integrals
<latexit sha1_base64="Kkff4thW46zEwTlb8th5UzLpFJc="></latexit>

Ji =

Z

C
u(z)ei(z)

<latexit sha1_base64="U6OusgzotGn4OrkC3IWrsV6Lhss=">AAACA3icbVDLSsNAFJ34bOsr6k43g0VwVRIXKkKh4EZdVbAPaGKYTCft0MkkzEyEEgJu/AL/wY0LRbr1J9wJfojgxuljoa0HLhzOuZd77/FjRqWyrA9jbn5hcWk5ly+srK6tb5ibW3UZJQKTGo5YJJo+koRRTmqKKkaasSAo9Blp+L2zod+4JULSiF+rfkzcEHU4DShGSkueuXNRdmQSeikt29lN6vAkg9ij8NKjnlm0StYIcJbYE1KsVAb5z6+H76pnvjvtCCch4QozJGXLtmLlpkgoihnJCk4iSYxwD3VIS1OOQiLddPRDBve10oZBJHRxBUfq74kUhVL2Q193hkh15bQ3FP/zWokKTtyU8jhRhOPxoiBhUEVwGAhsU0GwYn1NEBZU3wpxFwmElY6toEOwp1+eJfXDkn1Usq90GqdgjBzYBXvgANjgGFTAOaiCGsDgDjyCZ/Bi3BtPxqsxGLfOGZOZbfAHxtsPSgybvw==</latexit>

I =
⌫X

i=1

ciJi

<latexit sha1_base64="6YvFeskma/808UoeGTLov82y5IU=">AAACGnicbVDLSgMxFM34tr6qLnURFMFVmXGhLhQENy4rWBU6pWTSOzaYSYbkRi1Dv8GlG3/FTReKuBM3foh709aFrwOBk3POJbknyaWwGIbvwcjo2PjE5NR0aWZ2bn6hvLh0arUzHGpcS23OE2ZBCgU1FCjhPDfAskTCWXJ52PfPrsBYodUJdnJoZOxCiVRwhl5qlqNYuf24oDHCDRbYBqpcloChOqVWS9dPWX/pxvR6P6RxlzbL62ElHID+JdEXWT9YvY03P3q31Wb5NW5p7jJQyCWzth6FOTYKZlBwCd1S7CzkjF+yC6h7qlgGtlEMVuvSDa+0aKqNPwrpQP0+UbDM2k6W+GTGsG1/e33xP6/uMN1tFELlDkHx4UOpkxQ17fdEW8IAR9nxhHEj/F8pbzPDOPo2S76E6PfKf8npViXarkTHvo09MsQUWSFrZJNEZIcckCNSJTXCyR15II/kKbgPesFz8DKMjgRfM8vkB4K3T39ApC8=</latexit>

⌫ = {the number of solutions of w = 0}

<latexit sha1_base64="Y7KnxJERvGk6oonI1lfj+iFC+pw="></latexit>

ci =
X

j

h'|hji(C�1)ji , Cij = hei|hji .

<latexit sha1_base64="SH7Xq1QpM0UqGHYdR/iBmDs+oUc=">AAACC3icbVBNS8NAEJ34WetX1KOX1SJ4sSRSUDwVvPRYwdpCE8Nmu2mXbjZhd6OUmLMX/4oXDwri1T/gzX9j2uagrQ8GHu/NMDPPjzlT2rK+jYXFpeWV1dJaeX1jc2vb3Nm9UVEiCW2RiEey42NFORO0pZnmtBNLikOf07Y/vBz77TsqFYvEtR7F1A1xX7CAEaxzyTMPnBShh4HHkCOx6HOKnAw5TKCGl57cZ7ei7JkVq2pNgOaJXZAKFGh65pfTi0gSUqEJx0p1bSvWboqlZoTTrOwkisaYDHGfdnMqcEiVm05eydBRrvRQEMm8hEYT9fdEikOlRqGfd4ZYD9SsNxb/87qJDs7dlIk40VSQ6aIg4UhHaJwL6jFJieajnGAiWX4rIgMsMdF5euMQ7NmX50n7tGrXqrZ9VavUL4o8SrAPh3AMNpxBHRrQhBYQeIRneIU348l4Md6Nj2nrglHM7MEfGJ8/qAuZYw==</latexit>

{|hii} 2 H
n
�wdual basis

Baikov representation and intersection theory
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• Baikov representation

L-loop Feynman integral with E+1 external legs
<latexit sha1_base64="vUmcXkkkQWznGZccWuHIRUSHQLU="></latexit>

Fa1,...,aN =

Z  LY

i=1

ddki
i⇡d/2

�
1

Da1
1 Da2

2 · · ·DaN
N

standard  Baikov representation

<latexit sha1_base64="OZTMZj8WC48pUypzAbnRixQwPzo=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUCmUpIq6EQoiuChSwT6gDWUynbRDJ5MwMxFKyMalH+APdONCEbd+hjs/wP9w+lho64ELh3Pu5d573JBRqSzry0gtLC4tr6RXM2vrG5tb5vZOTQaRwKSKAxaIhoskYZSTqqKKkUYoCPJdRupu/3Lk1++JkDTgd2oQEsdHXU49ipHSUtvcu7mALU8gHJdz5bx9lMTFJF+GV20zaxWsMeA8sackW8oPa0/fj8eVtvnZ6gQ48glXmCEpm7YVKidGQlHMSJJpRZKECPdRlzQ15cgn0onHDyTwUCsd6AVCF1dwrP6eiJEv5cB3daePVE/OeiPxP68ZKe/ciSkPI0U4nizyIgZVAEdpwA4VBCs20ARhQfWtEPeQjkPpzDI6BHv25XlSKxbs04J9q9M4AROkwT44ADlggzNQAtegAqoAgwQMwQt4NR6MZ+PNeJ+0pozpzC74A+PjB3FPmAc=</latexit>

N =
L(L+ 1)

2
+ LE

<latexit sha1_base64="LcycPEoSEA12H4rhMQjCmsu4oF0=">AAAB9XicbVDLSgNBEOyNrxhfMR69DBHBU9gVUY8Bc/AYwTwgWZfZyWwyZHZ2nZmNxCX/4cWDIrn6Bf6BJ2/+jZPHQRMLGoqqbrq7/JgzpW3728qsrK6tb2Q3c1vbO7t7+f1CXUWJJLRGIh7Jpo8V5UzQmmaa02YsKQ59Tht+/2riNwZUKhaJWz2MqRvirmABI1gb6e7RY6hN7xM2QBWPefkju2RPgZaJMydH5eznR6EyLla9/Fe7E5EkpEITjpVqOXas3RRLzQino1w7UTTGpI+7tGWowCFVbjq9eoSOjdJBQSRNCY2m6u+JFIdKDUPfdIZY99SiNxH/81qJDi7dlIk40VSQ2aIg4UhHaBIB6jBJieZDQzCRzNyKSA9LTLQJKmdCcBZfXib105JzXnJuTBpnMEMWDqEIJ+DABZThGqpQAwISnuAFXq0H69l6s8az1ow1nzmAP7DefwDUi5T9</latexit>

zi ⌘ Di
<latexit sha1_base64="iC03i13tYq3FLpc5pXKNBtBvym4=">AAACD3icbVA9SwNBEN2L3/EramFhsyhKbMKdiNoIAQu1UzAq5MK5tzfRNXsf2Z0Tw5F/YONfsbFQxNbWzj9g6W9wk1ho4oOBx3szzMzzEyk02vaHlRsaHhkdG5/IT05Nz8wW5uZPdZwqDhUey1id+0yDFBFUUKCE80QBC30JZ35jr+Of3YDSIo5OsJVALWSXkagLztBIXmFtv+hmTU9Qt72+S12EW8wCwHaxq/EgRtr0rte9wopdsrugg8T5ISvlxcPPr8fcxZFXeHeDmKchRMgl07rq2AnWMqZQcAntvJtqSBhvsEuoGhqxEHQt6/7TpqtGCWg9VqYipF3190TGQq1boW86Q4ZXut/riP951RTrO7VMREmKEPHeonoqKca0Ew4NhAKOsmUI40qYWym/YopxNBHmTQhO/8uD5HSj5GyVnGOTxibpYZwskWVSJA7ZJmVyQI5IhXByRx7IE3m27q1H68V67bXmrJ+ZBfIH1ts3AMWfBg==</latexit>

G({qi}) = det(qi · qj) and

loop-by-loop Baikov representation
<latexit sha1_base64="iFfuqJXXpO2U0WZWFrDvkIELTeE="></latexit>

Fa1,...,aN = N✏

Z

C

Y

i

⇥
Gi(z)

⇤��i��i✏
� nY

j=1

dzj
z
↵j

j

<latexit sha1_base64="E1KAbdFbRycmJrxGc5aiYDQ4alc=">AAACD3icbVA9SwNBEN3z2/gVtbRZDIKFhDsJaGEh2FhGMCaQC8feZk4X9/bO3blgcuQX2PhXbCwUxNbWzn/jJrlCow8GHu/NMDMvTKUw6Lpfzszs3PzC4tJyaWV1bX2jvLl1ZZJMc2jwRCa6FTIDUihooEAJrVQDi0MJzfD2bOQ3e6CNSNQl9lPoxOxaiUhwhlYKynvUR7jHMMoHQ+rDXSZ61M8HgXfgy26C5mAQKH8YlCtu1R2D/iVeQSqkQD0of/rdhGcxKOSSGdP23BQ7OdMouIRhyc8MpIzfsmtoW6pYDKaTj98Z0j2rdGmUaFsK6Vj9OZGz2Jh+HNrOmOGNmfZG4n9eO8PouJMLlWYIik8WRZmkmNBRNrQrNHCUfUsY18LeSvkN04yjTbBkQ/CmX/5LmodVr1b1vIta5fSkyGOJ7JBdsk88ckROyTmpkwbh5IE8kRfy6jw6z86b8z5pnXGKmW3yC87HN+K1nGw=</latexit>

z ⌘ {z1, . . . , zn}

<latexit sha1_base64="wTA1u6DT3R/nbbWsf8mjxjTP+e4="></latexit>

Fa1,··· ,aN = CG(p1, . . . , pE)
E�D+1

2

Z

C
G(k1, . . . , kL, p1, . . . , pE)

D�L�E�1
2

dz1 · · · dzN
za1
1 · · · zaN

N

<latexit sha1_base64="mG6qHuRMEs4Kq6vkvEvuyL7OWNo=">AAAB9XicbVDLSgNBEJyNryS+ol4EL4NBiJew60FzDHrxGME8IFnD7GQ2GTI7u8z0qskS8DO8eFDEq+CneBP8GCePgyYWNBRV3XR3eZHgGmz7y0otLa+srqUz2fWNza3t3M5uTYexoqxKQxGqhkc0E1yyKnAQrBEpRgJPsLrXvxj79VumNA/lNQwi5gakK7nPKQEj3cSFFrB78PxkODrG7VzeLtoT4EXizEi+vD/8zjx8nFfauc9WJ6RxwCRQQbRuOnYEbkIUcCrYKNuKNYsI7ZMuaxoqScC0m0yuHuEjo3SwHypTEvBE/T2RkEDrQeCZzoBAT897Y/E/rxmDX3ITLqMYmKTTRX4sMIR4HAHucMUoiIEhhCpubsW0RxShYILKmhCc+ZcXSe2k6JwWnSuTRglNkUYH6BAVkIPOUBldogqqIooUekTP6MW6s56sV+tt2pqyZjN76A+s9x9rWJVq</latexit>

u(z)
<latexit sha1_base64="PGpJOeo/klwd/tOrnz2DLg3CZYU=">AAAB/nicbVDLSsNAFJ3UV1tfUREEN8Ei1E1JXGiXRTcuXFSwD2hCmEwn7dDJg5mbYhsK/RU3LhQRXPkd7gQ/xuljoa0HLhzOuZd77/FiziSY5peWWVldW9/I5vKbW9s7u/refl1GiSC0RiIeiaaHJeUspDVgwGkzFhQHHqcNr3c98Rt9KiSLwnsYxNQJcCdkPiMYlOTqh3Yfi7jL3NuiDfQBPD8djs5cvWCWzCmMZWLNSaFyNPzOjd+vqq7+abcjkgQ0BMKxlC3LjMFJsQBGOB3l7UTSGJMe7tCWoiEOqHTS6fkj41QpbcOPhKoQjKn6eyLFgZSDwFOdAYauXPQm4n9eKwG/7KQsjBOgIZkt8hNuQGRMsjDaTFACfKAIJoKpWw3SxQITUInlVQjW4svLpH5esi5K1p1Ko4xmyKJjdIKKyEKXqIJuUBXVEEEpekTP6EUba0/aq/Y2a81o85kD9Afaxw+cH5jd</latexit>

'L(z)
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• d-log form integral

canonical integrals in Baikov representation
<latexit sha1_base64="c6ZXgarfhrShzwIhf87qItfAmlY="></latexit>Z

C

Y

i

⇥
Gi(z)

⇤��i✏
� nY

j=1

d log fj(z)

canonical differential equations

Baikov representation and intersection theory

Questions:

1. How to construct d-log form integrand?

2.  How to transform it to Feynman integrals?

<latexit sha1_base64="Lo3zbetDM2LtA6TP0z1bTjzGoyY="></latexit>

d~F (✏,x) = ✏dA(x)~F (✏,x) = ✏
X

i

d log(↵i(x))~F (✏,x)
<latexit sha1_base64="fnB7Az81NkR8daPtBok6ry3RASo="></latexit>

~F (✏,x) = P exp
h
✏
X

i

Z

�
d log(↵i(x))

i
~F (✏, x0)

[ Henn ‘2013 ]
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<latexit sha1_base64="rCp4W3xt5C+uLLVxVoDldVYIkSE="></latexit>

u(z) =
Y

i

Gi(z)
��i��i✏

• univariate case

 all      are integer
<latexit sha1_base64="01FRBVdBVxNrv4L9+kD3KmBLuSw=">AAAB73icbVDLSgNBEOyNrxhfUcGLl8UgeAq7HtSDh4AXjxHMA5Il9E5mkyEzs+vMrLKE/IQXD4p69Xe8+QH+h5PHQRMLGoqqbrq7woQzbTzvy8ktLa+sruXXCxubW9s7xd29uo5TRWiNxDxWzRA15UzSmmGG02aiKIqQ00Y4uBr7jXuqNIvlrckSGgjsSRYxgsZKzXYPhcAO6xRLXtmbwF0k/oyUKgf1hyT7fqt2ip/tbkxSQaUhHLVu+V5igiEqwwino0I71TRBMsAebVkqUVAdDCf3jtxjq3TdKFa2pHEn6u+JIQqtMxHaToGmr+e9sfif10pNdBEMmUxSQyWZLopS7prYHT/vdpmixPDMEiSK2Vtd0keFxNiICjYEf/7lRVI/LftnZf/GpnEJU+ThEI7gBHw4hwpcQxVqQIDDIzzDi3PnPDmvzvu0NefMZvbhD5yPH8wPk30=</latexit>�i

<latexit sha1_base64="JIB3eOUGuOs4ThZ6DsN4vnUfakc="></latexit>

u(z) =
K✏

1

K0

⌫Y

j=0

(z � cj)
��0

j��0
j✏

<latexit sha1_base64="kxaIFcQfMifMfjPecWJYVX8ULsM="></latexit>

�̂i(z) =
K0

z � ci

⌫Y

j=0

(z � cj)
�0
j , (i = 1, . . . , ⌫)

one half-integer       and  two distinct roots<latexit sha1_base64="01FRBVdBVxNrv4L9+kD3KmBLuSw=">AAAB73icbVDLSgNBEOyNrxhfUcGLl8UgeAq7HtSDh4AXjxHMA5Il9E5mkyEzs+vMrLKE/IQXD4p69Xe8+QH+h5PHQRMLGoqqbrq7woQzbTzvy8ktLa+sruXXCxubW9s7xd29uo5TRWiNxDxWzRA15UzSmmGG02aiKIqQ00Y4uBr7jXuqNIvlrckSGgjsSRYxgsZKzXYPhcAO6xRLXtmbwF0k/oyUKgf1hyT7fqt2ip/tbkxSQaUhHLVu+V5igiEqwwino0I71TRBMsAebVkqUVAdDCf3jtxjq3TdKFa2pHEn6u+JIQqtMxHaToGmr+e9sfif10pNdBEMmUxSQyWZLopS7prYHT/vdpmixPDMEiSK2Vtd0keFxNiICjYEf/7lRVI/LftnZf/GpnEJU+ThEI7gBHw4hwpcQxVqQIDDIzzDi3PnPDmvzvu0NefMZvbhD5yPH8wPk30=</latexit>�i

<latexit sha1_base64="KeA9jwwmhAF9LBxxR1rqFeZ5wfg="></latexit>

�̂1(z) =
K0

⇥
(z � c0)(z � c1)

⇤1/2��1

⌫Y

j=2

(z � cj)
�0
j

<latexit sha1_base64="KQpVoSyknl7OS97vnzFFy7LOhGY="></latexit>

u(z) =
K✏

1

K0

⇥
(z � c0)(z � c1)

⇤��1��1✏
⌫Y

j=2

(z � cj)
��0

j��0
j✏

<latexit sha1_base64="frWzWhVg9MYQVpJ+oTNNpCLC+0M="></latexit>

�̂i(z) =
K0

z � ci

p
(c0 � ci)(c1 � ci)

⇥
(z � c0)(z � c1)

⇤1/2��1

⌫Y

j=2

(z � cj)
�0
j ,
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• Maximal-cut double box

canonical integrals

p1

p2

z2

z1

z3 z5

z7

z4 z6

p3

p4

<latexit sha1_base64="a10zYuqeaeuPFKEcsjXqDqhjzvk="></latexit>

u(z) =
1

s2

✓
t(s+ t)

s2

◆✏

z�1�✏(s+ z)✏(t� z)�1�2✏

Master integrals
<latexit sha1_base64="YaRJNr9P08SzZ2/QfSi9WQvKG4I=">AAACGHicbVDLSgMxFM34rPVVdekmWAQXpU5EtJtCQRSXFewD2jJk0ts2mMkMSUaoYz/Djb/ixoUibrvzb0wfi9p6QuBwzr0k5/iR4Nq47o+ztLyyurae2khvbm3v7Gb29qs6jBWDCgtFqOo+1SC4hIrhRkA9UkADX0DNf7ga+bVHUJqH8t70I2gFtCt5hzNqrORlTq89UrzxEpKbPW7OHeCmCXFTUNkVgMEjz7iI209eJuvm3THwIiFTkkVTlL3MsNkOWRyANExQrRvEjUwrocpwJmCQbsYaIsoeaBcalkoagG4l42ADfGyVNu6Eyl5p8Fid3UhooHU/8O1kQE1Pz3sj8T+vEZtOoZVwGcUGJJs81IkFtpFHLeE2V8CM6FtCmeL2r5j1qKLM2C7TtgQyH3mRVM/y5CJP7s6zpcK0jhQ6REfoBBF0iUroFpVRBTH0gt7QB/p0Xp1358v5nowuOdOdA/QHzvAXHuSbfQ==</latexit>

E1 = F1,1,1,1,1,1,1,0,0 ! he1| = dz
<latexit sha1_base64="KsWK8yYoEN00Rx6eqD5SObmj7tw="></latexit>

E2 = F1,2,1,1,1,1,1,0,0 ! he2| =
1 + 2✏

z
dz

<latexit sha1_base64="PhclX2DmDSy21vri11hyB0MjX60=">AAACAnicbVDLSsNAFL3xWesr6krcDBbBVUmKaDdCwY3uKtgHNDFMJpN26OTBzERoS3Hjr7hxoYhbv8Kdf+O0zUJbDwwczrmXO+f4KWdSWda3sbS8srq2Xtgobm5t7+yae/tNmWSC0AZJeCLaPpaUs5g2FFOctlNBceRz2vL7VxO/9UCFZEl8pwYpdSPcjVnICFZa8szDG89GjkqQk/aYppdI3lfQEAVDzyxZZWsKtEjsnJQgR90zv5wgIVlEY0U4lrJjW6lyR1goRjgdF51M0hSTPu7SjqYxjqh0R9MIY3SilQCFidAvVmiq/t4Y4UjKQeTryQirnpz3JuJ/XidTYdUdsTjNFI3J7FCYcaQjT/pAAROUKD7QBBPB9F8R6WGBidKtFXUJ9nzkRdKslO3zsn17VqpV8zoKcATHcAo2XEANrqEODSDwCM/wCm/Gk/FivBsfs9ElI985gD8wPn8ABcWVPg==</latexit>

I1 ! �1 = s2zdz

<latexit sha1_base64="sxJveFwcDk30JbrVoQFhM1W2hNc=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQF5akiHYjFNzoroJ9QBPDZDJph04mYWYitKUrN/6KGxeKuPUb3Pk3TtsstPXAwOGce7lzjp8wKpVlfRu5peWV1bX8emFjc2t7x9zda8o4FZg0cMxi0faRJIxy0lBUMdJOBEGRz0jL719N/NYDEZLG/E4NEuJGqMtpSDFSWvLMwxuvAh0VQyfpUU0vobyvwJI6HZ7AYOiZRatsTQEXiZ2RIshQ98wvJ4hxGhGuMENSdmwrUe4ICUUxI+OCk0qSINxHXdLRlKOISHc0jTGGx1oJYBgL/biCU/X3xghFUg4iX09GSPXkvDcR//M6qQqr7ojyJFWE49mhMGVQx550AgMqCFZsoAnCguq/QtxDAmGlmyvoEuz5yIukWSnb52X79qxYq2Z15MEBOAIlYIMLUAPXoA4aAINH8AxewZvxZLwY78bHbDRnZDv74A+Mzx8q7pZa</latexit>

I2 ! �2 = s2(t� z)dz
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• reduction
<latexit sha1_base64="q+QfPaBBoZyOyv+Ls3MDEoMy3f0="></latexit>

I1 = �s(1 + 3✏)

2✏
E1 +

st(1 + ✏)

2✏(1 + 2✏)
E2

I2 =
s(1 + 3✏) + 2✏t

2✏
E1 �

st(1 + ✏)

2✏(1 + 2✏)
E2

• differential equations

<latexit sha1_base64="fvLAzYqRf+khHfqf8WyF9Jd8jNs="></latexit>

@

@s

✓
I1
I2

◆
= ✏

✓� 2
s

1
s+t

2
s � s+2t

s(s+t)

◆✓
I1
I2

◆

<latexit sha1_base64="vY+PE5LG3+PnPpnERNu1r1GPAqg="></latexit>

@

@t

✓
I1
I2

◆
= ✏

 
0 � s

t(s+t)

� 2
t � s

t(s+t)

!✓
I1
I2

◆
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• Maximal-cut two-loop triangle

z1 z4
z2

z3 z5m2
2 s

m2
1

<latexit sha1_base64="tmxSeQRkvKKmstunARtCgFp+7G8="></latexit>

u(z) =
1p
��

z�2✏ [�(z � c0)(z � c1)]
�1/2+✏ ⇥(z � c2)(z � c3)

⇤�✏

canonical integrals
<latexit sha1_base64="tQVszRkAFyFp75fEE/eBdq+I4lU="></latexit>

�̂1(z) =
p
� , �̂4(z) =

p
�

p
c0c1
z

,

<latexit sha1_base64="zwO6+DLcElsuU05XeoWFxarSzHk="></latexit>

�̂2,3(z) =
p
�

p
(c0 � c2,3)(c1 � c2,3)

z � c2,3

master integrals
<latexit sha1_base64="0eAd4OlLUWMTW0YYigIGNv/Gdpw=">AAACWHicbZFbS8MwGIbTurmDpzkvvQkOwYsx2iG6y4EgXk5wB1jLSNNvW1ialiQVRtmfFLzQv+KN2UFxm18IvDzfIcmbIOFMacf5sOyDXP6wUCyVj45PTs8q59WeilNJoUtjHstBQBRwJqCrmeYwSCSQKODQD2YPy3z/FaRisXjR8wT8iEwEGzNKtEGjSuwFMGEiI5xNBISL8uMoc+s/y6k7C1z2vCVtbtEt2NyG7g4EEf7OH1VqTsNZBd4X7kbU0CY6o8qbF8Y0jUBoyolSQ9dJtJ8RqRnlYKanChJCZ2QCQyMFiUD52cqYBb42JMTjWJotNF7Rvx0ZiZSaR4GpjIieqt3cEv6XG6Z63PIzJpJUg6Drg8YpxzrGS5dxyCRQzedGECqZuSumUyIJ1eYvysYEd/fJ+6LXbLh3Dff5ttZubewookt0hW6Qi+5RGz2hDuoiit7Rl5Wz8tanjeyCXVqX2tam5wJthV39BhhkqRM=</latexit>

F1,1,1,1,1,0,0

F2,1,1,1,1,0,0

F2,1,1,2,1,0,0

F1,1,1,2,1,0,0
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• general case
<latexit sha1_base64="nD7RBea1GtGs6s9+24W4PtRWXnQ="></latexit>

u(z) =
Y

i

⇥
Gi(z)

⇤��i��i✏

pick up one of the variables  

Construct d-log for    : <latexit sha1_base64="oAaUqhSjdm8+jBa7NxpSCnpd7bE=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR7bHgxWNF+wFtKJvtpl262YTdiVBDf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfjm5nffuTaiFg94CThfkSHSoSCUbTS/VPf65fKbsWdg6wSLydlyNHol756g5ilEVfIJDWm67kJ+hnVKJjk02IvNTyhbEyHvGupohE3fjY/dUrOrTIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6KYc3PhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2naEPwll9eJa1qxbuqVO8uy/VaHkcBTuEMLsCDa6jDLTSgCQyG8Ayv8OZI58V5dz4WrWtOPnMCf+B8/gAOBI2f</latexit>z1
<latexit sha1_base64="gafy9irh8vsDyT8FrpfQRGGR2OM=">AAACHXicbVC7SgNBFJ31GeMramkzGISkCbshaMqAjWUE84BsXGYns8mQ2Qczd4PJsj9i46/YWChiYSP+jZNHYRIPDBzOOZc797iR4ApM88fY2Nza3tnN7GX3Dw6PjnMnp00VxpKyBg1FKNsuUUzwgDWAg2DtSDLiu4K13OHN1G+NmFQ8DO5hHLGuT/oB9zgloCUnV4kLNrBHcL1kkhaxPSCQ2CMiowFPH5KCVUwdvpToTRzLyeXNkjkDXifWguTRAnUn92X3Qhr7LAAqiFIdy4ygmxAJnAqWZu1YsYjQIemzjqYB8ZnqJrPrUnyplR72QqlfAHim/p1IiK/U2Hd10icwUKveVPzP68TgVbsJD6IYWEDni7xYYAjxtCrc45JREGNNCJVc/xXTAZGEgi40q0uwVk9eJ81yyboqle8q+Vp1UUcGnaMLVEAWukY1dIvqqIEoekIv6A29G8/Gq/FhfM6jG8Zi5gwtwfj+BbdRokI=</latexit>

u(z)'̂(1)
i (z)dz1

involving 
<latexit sha1_base64="31NBq70HDAj1PQ90UyqHXPTG2SE=">AAACAnicbZDLSsNAFIZP6q3WW9SVuAkWoS4sSSnqsuDGZQV7gTaEyXTSDp1M4sxEKKG48VXcuFDErU/hzrdxmmahrT8MfPznHM6c348Zlcq2v43Cyura+kZxs7S1vbO7Z+4ftGWUCExaOGKR6PpIEkY5aSmqGOnGgqDQZ6Tjj69n9c4DEZJG/E5NYuKGaMhpQDFS2vLMo768FyqtYM8+xx490+BkMPXMsl21M1nL4ORQhlxNz/zqDyKchIQrzJCUPceOlZsioShmZFrqJ5LECI/RkPQ0chQS6abZCVPrVDsDK4iEflxZmft7IkWhlJPQ150hUiO5WJuZ/9V6iQqu3JTyOFGE4/miIGGWiqxZHtaACoIVm2hAWFD9VwuPkEBY6dRKOgRn8eRlaNeqzkW1dlsvN+p5HEU4hhOogAOX0IAbaEILMDzCM7zCm/FkvBjvxse8tWDkM4fwR8bnDynelfM=</latexit>p
(c0 � ci)(c1 � ci)

Linear combination of           making it rational or 
<latexit sha1_base64="OjJUv0INyOK0i/6B5N+WrD9hYJU=">AAACC3icbVC7SgNBFJ31GeMramkzJAhJE3ZDUMuAjWUE84BsXGYns9khsw9m7gbjsr2Nv2JjoYitP2Dn3zh5FJp44MLhnHu59x43FlyBaX4ba+sbm1vbuZ387t7+wWHh6LitokRS1qKRiGTXJYoJHrIWcBCsG0tGAlewjju6mvqdMZOKR+EtTGLWD8gw5B6nBLTkFIrY9gmk9pjI2OfZXVq2KpnDyzawe3C99CGrOIWSWTVnwKvEWpASWqDpFL7sQUSTgIVABVGqZ5kx9FMigVPBsrydKBYTOiJD1tM0JAFT/XT2S4bPtDLAXiR1hYBn6u+JlARKTQJXdwYEfLXsTcX/vF4C3mU/5WGcAAvpfJGXCAwRngaDB1wyCmKiCaGS61sx9YkkFHR8eR2CtfzyKmnXqtZ5tXZTLzXqizhy6BQVURlZ6AI10DVqohai6BE9o1f0ZjwZL8a78TFvXTMWMyfoD4zPH8oimts=</latexit>

'̂(1)
i (z)

<latexit sha1_base64="S9gCWHum9VDPTTPEVQUIMbOeJfo=">AAACFXicbVC7SgNBFJ2NrxhfUUubwSAmEMJuCGoZsLGwiGAekA1hdjKbDJl9OHNXjEt+wsZfsbFQxFaw82+cJFvExAMDh3Pu4c49Tii4AtP8MVIrq2vrG+nNzNb2zu5edv+goYJIUlangQhkyyGKCe6zOnAQrBVKRjxHsKYzvJz4zXsmFQ/8WxiFrOORvs9dTgloqZst2upOQmxf60iP5G1gD+C48eP4tDDGdhH356RCN5szS+YUeJlYCcmhBLVu9tvuBTTymA9UEKXalhlCJyYSOBVsnLEjxUJCh6TP2pr6xGOqE0+vGuMTrfSwG0j9fMBTdT4RE0+pkefoSY/AQC16E/E/rx2Be9GJuR9GwHw6W+RGAkOAJxXhHpeMghhpQqjk+q+YDogkFHSRGV2CtXjyMmmUS9ZZqXxTyVUrSR1pdISOUR5Z6BxV0RWqoTqi6Am9oDf0bjwbr8aH8TkbTRlJ5hD9gfH1CyzCnsU=</latexit>p
⇤(z0) g(z)

<latexit sha1_base64="Vd2fJ12x6OgtB5sXkWNXq9YZy4U=">AAACInicbZDLSgMxFIYzXmu9VV26CRZBN2VGipeFUHDjsoK9QFtLJj2jwcyF5ESsQ5/Fja/ixoWirgQfxrSdRa3+EPjznXNIzu8nUmh03S9nZnZufmExt5RfXlldWy9sbNZ1bBSHGo9lrJo+0yBFBDUUKKGZKGChL6Hh354N6407UFrE0SX2E+iE7DoSgeAMLeoWTsxeG+Ee/SB9GOyfmq43eafmqp0oEcIEzMh+t1B0S+5I9K/xMlMkmardwke7F3MTQoRcMq1bnptgJ2UKBZcwyLeNhoTxW3YNLWsjFoLupKMVB3TXkh4NYmVPhHREJydSFmrdD33bGTK80dO1Ifyv1jIYHHdSESUGIeLjhwIjKcZ0mBftCQUcZd8axpWwf6X8hinG0aaatyF40yv/NfWDkndYOrgoFyvlLI4c2SY7ZI945IhUyDmpkhrh5JE8k1fy5jw5L8678zlunXGymS3yS873D4IRpNw=</latexit>

u(z) = u1(z)u
0(z0)

   for remaining variables<latexit sha1_base64="sctfPjYwwzSskaDolLr8rWAY6js=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkp6rHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUTAelsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20qxXvulJt1sr1Wh5HAc7hAq7Agxuowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4A38GM8g==</latexit>u

<latexit sha1_base64="NaHllFy/t4VO16P6e/vGgXhoHj4=">AAACMHicbVDLSgMxFM3UV62vqks3wSLopsyUoi4LLnThooKtQqeWTHpHg5mHyR2xDvNJbvwU3Sgo4tavMK2z0NoDgcM55ya5x4ul0Gjbr1Zhanpmdq44X1pYXFpeKa+utXWUKA4tHslInXtMgxQhtFCghPNYAQs8CWfe9cHQP7sFpUUUnuIghm7ALkPhC87QSL3yIXV9xXiaXLixEgFsuwh36PnpfZYrO1nq6huFqXtsru0zOimS9coVu2qPQP8TJycVkqPZKz+5/YgnAYTIJdO649gxdlOmUHAJWclNNMSMX7NL6BgasgB0Nx0tnNEto/SpHylzQqQj9fdEygKtB4FnkgHDKz3uDcVJXidBf7+bijBOEEL+85CfSIoRHbZH+0IBRzkwhHElzF8pv2KmQDQdl0wJzvjK/0m7VnV2q7WTeqVRz+sokg2ySbaJQ/ZIgxyRJmkRTh7IM3kj79aj9WJ9WJ8/0YKVz6yTP7C+vgFuwKuf</latexit>

u0(z0)p
⇤(z0)

Iterated constructing d-log for remaining variables
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• two-loop triangle example

z1 z4
z2

z3 z5m2
2 s

m2
1

<latexit sha1_base64="tVaHQuE/2MlHgWqVuOBAVbmwz1U="></latexit>

u(z) =
(��)�1/2 s�✏(z3 +m2)�✏

[�(z � c0)(z � c1)]
1/2�✏

5Y

i=2

(z � ci)
�✏

roots <latexit sha1_base64="eh9/1F0N0Hsa6QHb7iMfnhlspxY="></latexit>

c0,1 = m2
2 + z5 ± 2

q
m2

2(m
2 + z5) ,

c2,3 =
1

2s

h
z4(s�m2

1 +m2
2) + z5(s+m2

1 �m2
2)

+ s(m2
1 +m2

2 � s)±
p

� ⇢1(z4, z5)
i
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• linear combination
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• construct d-log form for remaining variables
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Canonical integrals for general case
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• reduction to master integrals
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Summary and outlook
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Summary

1. introduce basis idea of intersection theory and reduction

2. How to construct d-log form integrand in Baikov representation

3. Transform the d-log form integrand into Feynman integrals with intersection theory

Outlook
1. Apply to some other examples

2. Integrand beyond d-log form for elliptic integrals

3.Geometric properties of Feynman integrals


