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Introduction

Chicherin, Gehrmann, Henn, Wasser,

Zhang, Zoia, 1812.11160

Proton-proton collision at LHC Wang, Wang, X.Xu, Xu, Yang, 2010.15649

Precise predictions of hard scattering

processes require higher order corrections
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Introduction

e Numerical method: sector decomposition [ Heinrich <2008 |

e differential equation method 2 2 %Z}s,

(a) (b)

penta-box hexa-box

canonical master integrals [ Henn ‘2013 |

dfi(e, ) = edA;; (Z) (e, &) “"\ <§ .........
(D) (E)

d-log form integrand [ N.Arkani-Hamed, J.L.. Bourjaily, .etc *2012]
[ T.Gehrmann, J.M. Henn, T.Huber ‘2012]

dlog(a1(Z)) A -- - A dlog(aa(Z)) [ J.Drummond, C.Duhr, B.Eden, .etc <2013] ...
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Baikov representation and intersection theory

[K. Aomoto, M.Kita, ‘2011]
[Frellesvig, Gasparotto, .etc ‘2019]
[S.Mizera ‘2018]

] = /C ’UJ(Z)QOL (Z) — <90L ‘CR] [P.Mastrolia, S.Mizera ‘2019]
R

e Hypergeometric function

Z
u(z) = sz-(z)% multiple-valued fucntion vr(z) = Hz;]?i(i)” dzy A -+ ANdz,

(]

u(0C) =0 single valued n-form
Stoke’s theorem
O:/ d(uf) :/ u (dlog (u) A +d) &
CR CR
w = dlog(u) Vy =d+wA

twisted cohomology H" = {<¢L|‘<¢L| LpL ~pL+ wa}



Baikov representation and intersection theory

. . . [Frellesvig, Gasparotto, .etc ‘2019]
e Dual integral and intersection number "Weinzier] ©2020]

i /C ulz)en(z) = Crlen

twisted cohomology H" , = {|90R>‘|80R> LR ~ QR+ V—wf}

intersection number computation of intersection number

univariate case

1 C
pEpole of w
©7,is the same cohomology but vanished on boundary V¥ = ©r,



Baikov representation and intersection theory

e Reduction

= [ u@es(

master integrals  J; = / u(z)e;(z)
C

| Y 1%

I=Y ¢J; or (orl =) cileil

i=1 =1

v = {the number of solutions of w = 0}

ci =) (elh)(C )i, Cij = (eilhy) .

J

dual basis  {|h:)} € H",,



Baikov representation and intersection theory

e Baikov representation

L-loop Feynman integral with E+1 external legs

L
d’k; 1 L(L+1)
Fa1 ----- aN:/[HZ'Wdﬂ]D?lD?“'D?VN N = 5 + LE

1=1

standard Baikov representation

E—D+1 D—L—-FE—1 le AR dZN

Fal’...@N :CG(pl,...,pE) 2 /CG(kl,...,kL,pl,...,pE) 2 a1 Lan

G({qz}) = det(qi . Qj) and Z; = Dz

loop-by-loop Baikov representation

H [Gi(Z)]_%_Bw] H di‘j z={z1,...,2n}

.....



Baikov representation and intersection theory

e d-log form integral [ Henn 2013 ]

canonical differential equations

dF(e,x) = edA(x)F(¢,x) = eZdlog(ai(x))ﬁ(e,X)

F(e,x) = Pexp [EZ A dlc:g(ozi(x))]ﬁ(e, o)

canonical integrals in Baikov representation

At jf[ldlog e

)
Questions:

1. How to construct d-log form integrand?

2. How to transform it to Feynman integrals?



Canonical integrals for univariate case

e univariate case

u(z) = H Gi(z)_%_ﬁie

all 7Yi are integer one half-integer 7; and two distinct roots
ICE - —vi—Be — g _ _ —71—Pre - _ O\ Be
u(z) =— | |(z—¢;) 7" u(z) = C (2 = co)(z —c1)] H(Z ¢;j) T
Ko i ° j=2
,CO v ¢1 (Z) p— ICO ﬁ(z C )73
¢Z(Z) = o H(Z_Cj)fyj (’I,: 1,..., V) [(z—co)(z—cl)]l/z_% ol J
L =0 =

RS CRDICETI, § (R

Z— ¢ [(z — o)z — Cl)] 1/2—m e




Canonical integrals for univariate case

e Maximal-cut double box

P2

)

P1

z3

zZ5

zZ4

21

Master integrals

Er=Fi111111,00 — (e1] =dz

Ey = F1,2,1,1,1,1,1,0,0 — <€2‘ —

1 + 2¢
z

=7

dz

P3

26

>€z_1_€(8 +2)6(t —z) 71

canonical integrals
I —» 91 = s?zdz

Iy = ¢o = s*(t — 2)dz

11



Canonical integrals for univariate case

e reduction

s(1 4+ 3e¢) st(1 + ¢€)
[ = — E E
! e T ol 20 2
s(1+ 3¢) + 2et st(1+ e¢)
Iy = Ey — 2
2€ 2¢(1 + 2¢)

e differential equations

12



Canonical integrals for univariate case

e Maximal-cut two-loop triangle

"]
21 24
=)
m% ““““““““““ Z3 <5 S
1 B _ _
u(z) = <=2 e — o)z — )] (e - o)z - )]
master integrals canonical integrals
F ~ ~ v/ CoC1
1,1,1,1,1,0,0 d1(2) = VN, da(z) = VA ,
Fo111.1,00 <
F . Co— C c1—C
2,1,1,2,1,0,0 ¢2,3<Z) _ \/X\/( 0 2,3>( 1 2,3)
F11.1,2,1,00 Z —C23
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Canonical integrals for general case

e general case

pick up one of the variablesu(z) = u1(z)u’(z")

Construct d-log for 21: u(z)g&f;l) (z)dzy

involving, /(cy — ¢;)(c1 — ¢;)

Linear combination of #." (z) making it rational or\/A(z’) g(z)

u for remaining variables

[terated constructing d-log for remaining variables

14



Canonical integrals for general case

e two-loop triangle example

<1 Z!
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o
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roots
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Canonical integrals for general case

e d-log form associated withC2 and C3

2

Agl)<z):\5\\/(co—02)(cl—02) ff(8—24+25) VP1(s —mi + m3 |

Z — C9 28(2 — C9

Aél)(z> _ \5\\/(00 —c3)(c1 — c3) _ \5\\5(8 — 24 + 25) + VP1

Z — c3 2s(z — c3

¢ |linear combination

2y (2) = 65" (2) + 65 (z) =

25(z — ¢2)
5 (2) = 95" (2) — 95" (2) = Qﬁ@ ((Z - Zl) +m3)

e construct d-log form for remaining variables
2X(s — z4 + 25) 1
2s(z — ca) 2129232475
2V A/p1(s —m2 +m3) /s(s — 4m2)
2s(z — c3) VP121222324%5

p2(z) =

p3(z) =

10



Canonical integrals for general case

e reduction to master integrals

2 2 2 2 2
S(s—m357 —m ms(s +mi7 —m
(po| = ( el 2) (F11121] — 2 - : 2) (Fo1111]
m?\ + smim3 2 [2m2(5 —m#% +m3) — Smg]
| > (Fo1121] > (Fio221]
m2 S m?
+ 6—22<F21002\ + 6—2<F01220\ — 6—21<F21020\ :
V/s(s — 4m?2
<S03| — \/ (e ) <F11121|-
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Summary and outlook

Summary

1. introduce basis 1dea of intersection theory and reduction

2. How to construct d-log form integrand in Baikov representation

3. Transform the d-log form integrand into Feynman integrals with intersection theory

Outlook

1. Apply to some other examples
2. Integrand beyond d-log form for elliptic integrals

3.Geometric properties of Feynman integrals
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