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Figure 37. The 2013 Planck CMB temperature angular power spectrum. The error bars include cosmic variance, whose magnitude
is indicated by the green shaded area around the best fit model. The low-� values are plotted at 2, 3, 4, 5, 6, 7, 8, 9.5, 11.5, 13.5, 16,
19, 22.5, 27, 34.5, and 44.5.

Table 8. Constraints on the basic six-parameter ΛCDM model using Planck data. The top section contains constraints on the six
primary parameters included directly in the estimation process, and the bottom section contains constraints on derived parameters.

Planck Planck+WP

Parameter Best fit 68% limits Best fit 68% limits

Ωbh
2 . . . . . . . . . 0.022068 0.02207 ± 0.00033 0.022032 0.02205 ± 0.00028

Ωch
2 . . . . . . . . . 0.12029 0.1196 ± 0.0031 0.12038 0.1199 ± 0.0027

100θMC . . . . . . . 1.04122 1.04132 ± 0.00068 1.04119 1.04131 ± 0.00063

τ . . . . . . . . . . . . 0.0925 0.097 ± 0.038 0.0925 0.089+0.012
−0.014

ns . . . . . . . . . . . 0.9624 0.9616 ± 0.0094 0.9619 0.9603 ± 0.0073

ln(1010
As) . . . . . 3.098 3.103 ± 0.072 3.0980 3.089+0.024

−0.027

ΩΛ . . . . . . . . . . 0.6825 0.686 ± 0.020 0.6817 0.685+0.018
−0.016

Ωm . . . . . . . . . . 0.3175 0.314 ± 0.020 0.3183 0.315+0.016
−0.018

σ8 . . . . . . . . . . . 0.8344 0.834 ± 0.027 0.8347 0.829 ± 0.012

zre . . . . . . . . . . . 11.35 11.4+4.0
−2.8 11.37 11.1 ± 1.1

H0 . . . . . . . . . . 67.11 67.4 ± 1.4 67.04 67.3 ± 1.2

109
As . . . . . . . . 2.215 2.23 ± 0.16 2.215 2.196+0.051

−0.060

Ωmh
2 . . . . . . . . . 0.14300 0.1423 ± 0.0029 0.14305 0.1426 ± 0.0025

Age/Gyr . . . . . . 13.819 13.813 ± 0.058 13.8242 13.817 ± 0.048
z∗ . . . . . . . . . . . 1090.43 1090.37 ± 0.65 1090.48 1090.43 ± 0.54
100θ∗ . . . . . . . . 1.04139 1.04148 ± 0.00066 1.04136 1.04147 ± 0.00062
zeq . . . . . . . . . . . 3402 3386 ± 69 3403 3391 ± 60
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no B-mode/E-mode polarization yet!!
full release of polarization and all 30 months of 
temperature data in 2014

18

Fig. 10.— We compare the constraints on the ΛCDM+r model with predictions from models of inflation in the ns − r plane. We show
the two-dimensional constraints on r and ns as colored contours at the 68% and 95% confidence levels for three datasets: WMAP7 (grey
contours), CMB (red contours), and CMB+H0+BAO (blue contours). Adding the SPT bandpowers partially breaks the degeneracy
between ns and r in the WMAP7 constraint, which can be seen clearly moving between the grey and red contours. Plotted over the
constraint contours are predictions for several models of inflation. We restrict our comparison with model predictions to the simplest cases
of slow-roll inflation due to a single scalar field as reviewed in Baumann et al. (2009).

Solid black line: The predictions of exponential inflation (V (φ) ∝ exp
��

16πφ2/(p M
2
Pl)

�
) lie on this line. In exponential inflation,

increasing p moves the prediction towards the Harrison-Zel’dovich-Peebles point ns = 1, r = 0.
Black lines with colored circles: The predictions of chaotic inflation models (V (φ) ∝ (φ/µ)p, p > 0) for five different values of p lie on
the corresponding line. The predictions in the r – ns plane are a function of N , where N is expected to be in the range N ∈ [50, 60].
Purple region: The predictions of large-field hill-top inflation models (V (φ) ∝ 1− (φ/µ)2) lie within the colored region, which is shown
for N ∈ [50, 60].

We now turn to a comparison of model predictions
with data constraints in the ns-r plane. This compar-
ison is illustrated in Figure 10, where we show the two-
dimensional marginalized constraints from three combi-
nations of data with predictions from simple models of
inflation over-plotted. First, we note that the confidence
contours for the CMB-only case in Fig. 10 show the ex-
pected positive correlation between ns and r. Essen-
tially, the suppression of large-scale power when increas-
ing ns can be countered by adding extra large-scale power
sourced by tensors. The SPT data disfavor large values
of ns (and hence r), significantly reducing the degeneracy
between these two parameters. With BAO data added to
SPT+WMAP7, the ns − r correlation nearly disappears.
Adding H0 data has little effect on constraints from the
CMB or CMB+BAO datasets, removing only the small-
est allowed values of ns in both cases. As mentioned
above, we are approaching the cosmic variance limit for
the temperature anisotropy on measuring r – at which

point improved knowledge of the six ΛCDM parameters
no longer translates into better limits on r.
We restrict the model comparisons to the simplest

cases of single-field, slow-roll inflation, as reviewed in
Baumann et al. (2009). Models can be broadly char-
acterized according to how much the inflaton field φ

changes from the time perturbations on observably large
scales were being produced until the end of inflation; this
change in φ defined at ∆φ. Models in which ∆φ is larger
than the Planck mass (MPl) are classified as “large-field”
models, while those in which ∆φ < MPl are classified as
“small-field” models. The dividing line between the two
cases corresponds to r = 0.01.
Here we look at large-field inflation models, consid-

ering several forms of the inflaton effective potential:
large-field chaotic inflation models (V (φ) ∝ (φ/µ)p,
p > 0), large-field hill-top inflation models (V (φ) ∝
1 − (φ/µ)2), and exponential inflation models (V (φ) ∝
exp

��
16πφ2/(p M

2
Pl)

�
).

ns = 0.9538± 0.0081 (68%)

r < 0.11 (95%)

Ωk = −0.0059± 0.004

−10 < f local
NL < 74

−214 < fequil
NL < 266

fibre inflation, R+R2, Higgs inflation 
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WMAP7

SPT

Fig. 4.— The SPT bandpowers (blue), WMAP7 bandpowers (orange), and the lensed ΛCDM+foregrounds theory spectrum that
provides the best fit to the SPT+WMAP7 data shown for the CMB-only component (dashed line), and the CMB+foregrounds spectrum
(solid line). As in Figure 3, the bandpower errors shown in this plot do not include beam or calibration uncertainties.

for a departure from ΛCDM, a systematic error in one

or more of the data sets, or simply a statistical fluctua-

tion. We assume the uncertainties reported for each of

the datasets are correct and combine them to produce

many of the results presented here.

6.5. SPT-only ΛCDM constraints

We begin by examining parameter constraints from the

SPT bandpowers alone. The SPT-only parameter con-

straints provide an independent test of ΛCDM cosmology

and allow for consistency checks between the SPT data

and other datasets. Because the scalar amplitude ∆2
R

and the optical depth τ are completely degenerate for

the SPT bandpowers, we impose a WMAP7-based prior

of τ = 0.088± 0.015 for the SPT-only constraints.

We present the constraints on the ΛCDM model from

SPT andWMAP7 data in columns two to four of Table 3.

As shown in Figure 5, the SPT bandpowers (including

a prior on τ from WMAP7) constrain the ΛCDM pa-

rameters approximately as well as WMAP7. The SPT

and WMAP7 parameter constraints are consistent for

all parameters; θs changes the most significantly among

the five free ΛCDM parameters, moving by 1.5σ and

tightening by a factor of 2.2 from WMAP7 to SPT. The

SPT bandpowers measure θs extremely well by virtue of

the sheer number of acoustic peaks – seven – measured

by the SPT bandpowers. The SPT constraint on ns is

broader than the constraint from WMAP7 due to the

fact that WMAP7 probes a much greater dynamic range

of angular scales. Degeneracies with ns degrade the SPT

constraints on ∆2
R, the baryon density and, to a lesser

extent, the dark matter density.

6.6. Combined ΛCDM constraints

Next, we present the constraints on the ΛCDM

model from the combination of SPT and WMAP7 data.

As previously mentioned, we will refer to the joint

SPT+WMAP7 likelihood as the CMB likelihood. We

then extend the discussion to include constraints from

CMB data in combination with BAO and/or H0 data.

We present the CMB constraints on the six ΛCDM

parameters in the fourth column of Table 3. Adding

ns = 0.9608± 0.0054 (68%)

r < 0.11 (95%)

Ωk = −0.0004± 0.00036 (68%)

f local
NL = 2.7± 5.8 (68%)

fequil
NL = −42± 75 (68%)

forth
NL = −25± 39 (68%)

Neff = 3.32+0.54
−0.52 (95%)

�
mν < 0.28 eV (95%)

15.5 months of 
temperature data

< March 2013: SPT + WMAP 7yr + BAO + H0> March 2013: PLANCK+ WP + highL + BAO

Planck collaboration: CMB power spectra & likelihood

2 10 50
0

1000

2000

3000

4000

5000

6000

D
�[
µ
K
2 ]

90◦ 18◦

500 1000 1500 2000 2500

Multipole moment, �

1◦ 0.2◦ 0.1◦ 0.07◦
Angular scale

Figure 37. The 2013 Planck CMB temperature angular power spectrum. The error bars include cosmic variance, whose magnitude
is indicated by the green shaded area around the best fit model. The low-� values are plotted at 2, 3, 4, 5, 6, 7, 8, 9.5, 11.5, 13.5, 16,
19, 22.5, 27, 34.5, and 44.5.

Table 8. Constraints on the basic six-parameter ΛCDM model using Planck data. The top section contains constraints on the six
primary parameters included directly in the estimation process, and the bottom section contains constraints on derived parameters.

Planck Planck+WP

Parameter Best fit 68% limits Best fit 68% limits

Ωbh
2 . . . . . . . . . 0.022068 0.02207 ± 0.00033 0.022032 0.02205 ± 0.00028

Ωch
2 . . . . . . . . . 0.12029 0.1196 ± 0.0031 0.12038 0.1199 ± 0.0027

100θMC . . . . . . . 1.04122 1.04132 ± 0.00068 1.04119 1.04131 ± 0.00063

τ . . . . . . . . . . . . 0.0925 0.097 ± 0.038 0.0925 0.089+0.012
−0.014

ns . . . . . . . . . . . 0.9624 0.9616 ± 0.0094 0.9619 0.9603 ± 0.0073

ln(1010
As) . . . . . 3.098 3.103 ± 0.072 3.0980 3.089+0.024

−0.027

ΩΛ . . . . . . . . . . 0.6825 0.686 ± 0.020 0.6817 0.685+0.018
−0.016

Ωm . . . . . . . . . . 0.3175 0.314 ± 0.020 0.3183 0.315+0.016
−0.018

σ8 . . . . . . . . . . . 0.8344 0.834 ± 0.027 0.8347 0.829 ± 0.012

zre . . . . . . . . . . . 11.35 11.4+4.0
−2.8 11.37 11.1 ± 1.1

H0 . . . . . . . . . . 67.11 67.4 ± 1.4 67.04 67.3 ± 1.2

109
As . . . . . . . . 2.215 2.23 ± 0.16 2.215 2.196+0.051

−0.060

Ωmh
2 . . . . . . . . . 0.14300 0.1423 ± 0.0029 0.14305 0.1426 ± 0.0025

Age/Gyr . . . . . . 13.819 13.813 ± 0.058 13.8242 13.817 ± 0.048
z∗ . . . . . . . . . . . 1090.43 1090.37 ± 0.65 1090.48 1090.43 ± 0.54
100θ∗ . . . . . . . . 1.04139 1.04148 ± 0.00066 1.04136 1.04147 ± 0.00062
zeq . . . . . . . . . . . 3402 3386 ± 69 3403 3391 ± 60
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PLANCK+WP+highL+BAO  vs WMAP7 + BAO + H038 Komatsu et al.

While the KS profiles are generally in a good agreement
with the X-ray derived profiles, they are more extended
than the X-ray-derived profiles (see Figure 16), which
makes the KS prediction for the projected SZ profiles
bigger. Note, however, that the outer slope of the fitting
formula given by Arnaud et al. (2009) (equation (C3))
has been forced to match that from hydrodynamical sim-
ulations of Nagai et al. (2007) in r ≥ r500. See the bot-
tom panels of Figure 16. The steepness of the profile
at r ! r500 from the simulation may be attributed to a
significant non-thermal pressure support from ρv2, which
makes it possible to balance gravity by less thermal pres-
sure at larger radii. In other words, the total pressure
(i.e., thermal plus ρv2) profile would probably be closer
to the KS prediction, but the thermal pressure would
decline more rapidly than the total pressure would.
If the SZ effect seen in the WMAP data is less than

expected, what would be the implications? One possibil-
ity is that protons and electrons do not share the same
temperature. The electron-proton equilibration time is
longer than the Hubble time at the virial radius, so that
the electron temperature may be lower than the pro-
ton temperature in the outer regions of clusters which
contribute a significant fraction of the predicted SZ flux
(Rudd & Nagai 2009; Wong & Sarazin 2009). The other
sources of non-thermal pressure support in outskirts of
the cluster (turbulence, magnetic field, and cosmic rays)
would reduce the thermal SZ effect relative to the ex-
pectation, if these effects are not taken into account in
modeling the intracluster medium. Heat conduction may
also play some role in suppressing the gas pressure (Loeb
2002, 2007).
In order to explore the impact of gas pressure at

r > r500, we cut the X-ray derived pressure profile at
rout = r500 (instead of 6r500) and repeat the analysis.
We find a = 0.74± 0.09 and 0.44± 0.14 for high and low
LX clusters, respectively. (We found a = 0.67±0.09 and
0.43± 0.12 for rout = 6r500. See Table 12.) These results
are somewhat puzzling - the X-ray observations directly
measure gas out to r500, and thus we would expect to find
a ≈ 1 at least out to r500. This analysis may suggest that
the fiducial scaling relation of Böhringer et al. (2007) is a
source of a < 1. Note that a = 1 is within the systematic
error due to the scatter in the scaling relation. Had we
used the scaling relations of Melin et al. (2010), we would
find a ≈ 1 for rout = r500. While a large uncertainty in
the scaling relation prevents us from convincingly ruling
out a = 1, the relative amplitudes between high and low
LX clusters suggest that a significant amount of pressure
is missing in low mass (M500 " 4 × 1014 h−1 M") clus-
ters, even if we scale all the results such that high-mass
clusters are forced to have a = 1. A similar trend is also
seen in Figure 3 of Melin et al. (2010).
This interpretation is consistent with the SZ power

spectrum being lower than expected. The SPT mea-
sures the SZ power spectrum at l ! 3000. At such high
multipoles, the contributions to the SZ power spectrum
are dominated by relatively low-mass clusters, M500 "
4 × 1014 h−1 M" (see Figure 6 of Komatsu & Seljak
2002). Therefore, a plausible explanation for the lower-
than-expected SZ power spectrum is a missing pressure
in lower mass clusters.
Scaling relations, gas pressure, and entropy of low-

mass clusters and groups have been studied in the lit-

Fig. 19.— Two-dimensional joint marginalized constraint (68%
and 95% CL) on the primordial tilt, ns, and the tensor-to-scalar
ratio, r, derived from the data combination of WMAP+BAO+H0.
The symbols show the predictions from “chaotic” inflation models
whose potential is given by V (φ) ∝ φα (Linde 1983), with α =
4 (solid) and α = 2 (dashed) for single-field models, and α =
2 for multi-axion field models with β = 1/2 (dotted; Easther &
McAllister 2006).

erature.35 Leauthaud et al. (2010) obtained a rela-
tion between LX of 206 X-ray-selected galaxy groups
and the mass (M200) derived from the stacking anal-
ysis of weak lensing measurements. Converting their
best-fitting relation to r200–LX relation, we find r200 =
1.26 h−1 Mpc

E0.89(z) [LX/(1044 h−2 erg s−1)]0.22. (Note that
the pivot luminosity of the original scaling relation is
2.6 × 1042 h−2 erg s−1.) As r500 ≈ 0.65r200, their rela-
tion is ≈ 1σ higher than the fiducial scaling relation that
we adopted (equation (89)). Had we used their scaling
relation, we would find even lower normalizations.
The next generation of simulations or analytical cal-

culations of the SZ effect should be focused more on
understanding the gas pressure profiles, both the ampli-
tude and the shape, especially in low-mass clusters. New
measurements of the SZ effect toward many individual
clusters with unprecedented sensitivity are now becom-
ing available (Staniszewski et al. 2009; Hincks et al. 2009;
Plagge et al. 2009). These new measurements would be
important for understanding the gas pressure in low-mass
clusters.

8. CONCLUSION

With the WMAP 7-year temperature and polarization
data, new measurements of H0 (Riess et al. 2009), and
improved large-scale structure data (Percival et al. 2009),
we have been able to rigorously test the standard cosmo-
logical model. The model continues to be an exquisite
fit to the existing data. Depending on the parameters,
we also use the other data sets such as the small-scale
CMB temperature power spectra (Brown et al. 2009; Re-
ichardt et al. 2009, for the primordial helium abundance),
the power spectrum of LRGs derived from SDSS (Reid
et al. 2009, for neutrino properties), the Type Ia super-
nova data (Hicken et al. 2009b, for dark energy), and the
time-delay distance to the lens system B1608+656 (Suyu
et al. 2009a, for dark energy and spatial curvature). The
combined data sets enable improved constraints over the

35 A systematic study of the thermodynamic properties of low-
mass clusters and groups is given in Finoguenov et al. (2007) (also
see Finoguenov et al. 2005a,b).
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Inflation ...

• inflation: period quasi-exponential expansion of the 
very early universe 
 

(solves horizon, flatness problems of hot big bang ...)  
 

 

• driven by the vacuum energy of a slowly rolling light 
scalar field:

e.o.m.: φ̈ + 3Hφ̇ + V
� = 0



Inflation ...

⇒ � ≡ − Ḣ

H2
� 1

2

�
V

�

V

�2

� 1 , η ≡ �̇

�H
� V

��

V
� 1

H
2 =

ȧ
2

a2
� const. ∼ Vwith the Hubble parameter

• slow-roll inflation:

scale factor grows exponentially : a ∼ eHt if : φ̈� φ̇



• inflation generates metric perturbations:  
scalar (us) & tensor

PT ∼ H
2 ∼ VandPS ∼ H

2

�
∼

�
δρ

ρ

�2

∼ k
nS−1

nS = 1− 6� + 2η

Inflation ...

• scalar spectral index:
window to GUT scale &!
direct measurement of inflation scale!
"

but caveat: inflaton w/ pseudo-scalar 
couplings to light vector fields can 
source additional B-modes

[Barnaby, Namba & Peloso ’11; Senatore, Silverstein & Zaldarriaga ’11]
[Barnaby, Moxon, Namba, Peloso, Shiu & Zhou ’12]



• large-field inflation needs shift symmetry to 
control UV corrections:  
 

• small-field models need tuning of the dim-6 
corrections

large-field vs small-field inflation ...

O6 ∼ V (φ)
φ2

M
2
P

⇒ m
2
φ ∼ H

2
, η ∼ 1



• but: if field excursion sub-Planckian,  no 
measurable gravity waves: [Lyth ’97]

r ≡ PT

PS
= 16� ≤ 0.003

�
50
Ne

�2 �
∆φ

MP

�2

Inflation ...

• alternative: [Hebecker, Kraus & AW ’13]

- have ! decreasing during 
inflation ...!
"

- then r can be ~10 x larger at 
60 e-fold point than for typical 
small-field model!
"

- automatic in "hybrid natural 
inflation" from an axion

also: [Ben-Dayan & Brustein ’09]!
[Hotchkiss, Mazumdar & Nadathur ’11]



PLANCK ...

10 Planck Collaboration: Constraints on inflation

Model Parameter Planck+WP Planck+WP+lensing Planck + WP+high-� Planck+WP+BAO

ΛCDM + tensor
ns 0.9624 ± 0.0075 0.9653 ± 0.0069 0.9600 ± 0.0071 0.9643 + 0.0059

r0.002 < 0.12 < 0.13 < 0.11 < 0.12
−2∆ lnLmax 0 0 0 -0.31

Table 4. Constraints on the primordial perturbation parameters in the ΛCDM+r model from Planck combined with other data sets.

The constraints are given at the pivot scale k∗ = 0.002 Mpc
−1

.
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Planck+WP

Planck+WP+highL

Planck+WP+BAO

Natural Inflation

Power law inflation

Low Scale SSB SUSY

R2 Inflation

V ∝ φ2/3

V ∝ φ

V ∝ φ2

V ∝ φ3

N∗=50

N∗=60

Fig. 1. Marginalized joint 68% and 95% CL regions for ns and r0.002 from Planck in combination with other data sets compared to

the theoretical predictions of selected inflationary models.

reheating priors allowing N∗ < 50 could reconcile this model

with the Planck data.

Exponential potential and power law inflation

Inflation with an exponential potential

V(φ) = Λ4 exp
�
−λ φ

Mpl

�
(35)

is called power law inflation (Lucchin & Matarrese, 1985),

because the exact solution for the scale factor is given by

a(t) ∝ t2/λ2
. This model is incomplete, since inflation would

not end without an additional mechanism to stop it. Assuming

such a mechanism exists and leaves predictions for cosmo-

logical perturbations unmodified, this class of models predicts

r = −8(ns − 1) and is now outside the joint 99.7% CL contour.

Inverse power law potential

Intermediate models (Barrow, 1990; Muslimov, 1990) with in-

verse power law potentials

V(φ) = Λ4
�
φ

Mpl

�−β
(36)

lead to inflation with a(t) ∝ exp(At f ), with A > 0 and 0 < f < 1,

where f = 4/(4 + β) and β > 0. In intermediate inflation there

is no natural end to inflation, but if the exit mechanism leaves

the inflationary predictions on cosmological perturbations un-

modified, this class of models predicts r ≈ −8β(ns − 1)/(β − 2)
(Barrow & Liddle, 1993). It is disfavoured, being outside the

joint 95% CL contour for any β.

Hill-top models

In another interesting class of potentials, the inflaton rolls away

from an unstable equilibrium as in the first new inflationary mod-

els (Albrecht & Steinhardt, 1982; Linde, 1982). We consider

V(φ) ≈ Λ4
�
1 − φ

p

µp + ...

�
, (37)

where the ellipsis indicates higher order terms negligible during

inflation, but needed to ensure the positiveness of the potential

later on. An exponent of p = 2 is allowed only as a large field

inflationary model and predicts ns − 1 ≈ −4M2
pl/µ

2 + 3r/8 and

r ≈ 32φ2
∗M2

pl/µ
4
. This potential leads to predictions in agree-

ment with Planck+WP+BAO joint 95% CL contours for super-

Planckian values of µ, i.e., µ � 9 Mpl.
Models with p ≥ 3 predict ns − 1 ≈ −(2/N)(p − 1)/(p − 2)

when r ∼ 0. The hill-top potential with p = 3 lies outside the



single field models ...

• R+R2 / Higgs inflation / fibre inflation in LVS string 
scenarios:

Planck Collaboration: Constraints on inflation 11

joint 95% CL region for Planck+WP+BAO data; the case with
p = 4 is also in tension with Planck+WP+BAO, but allowed
within the joint 95% CL region for N∗ � 50. For larger values of
r these models provide a better fit to the Planck+WP+BAO data.

A simple symmetry breaking potential

The symmetry-breaking potential (Olive, 1990)

V(φ) = Λ4
�
1 − φ

2

µ2

�2
, (38)

can be considered as a self-consistent completion of the hill-top
model with p = 2 (although it has a different limiting large-
field branch for non-zero r). This potential leads to predictions
in agreement with Planck + WP + BAO joint 95% CL contours
for super-Planckian value of µ, i.e. µ � 13 Mpl.

Natural inflation

Another interesting class of potentials is natural inflation
(Freese et al., 1990; Adams et al., 1993), initially motivated by
its origin in symmetry-breaking in an attempt to naturally give
rise to the extremely flat potentials required for inflationary cos-
mology. In natural inflation the effective one-dimensional po-
tential takes the form

V(φ) = Λ4
�
1 + cos

�
φ

f

��
, (39)

where f is a scale which determines the slope of the potential.
Depending on the value of f , the model falls into the large field
( f � 1.5 Mpl) or small field ( f � 1.5 Mpl) classification scheme.
Therefore, ns ≈ 1 − M2

pl/ f 2 holds for small f and ns ≈ 1 − 2/N,
r ≈ 8/N holds for large f , approximating the m2φ2 potential in
the latter case (with N∗ ≈ (2 f 2/M2

pl) ln[sin(φe/ f )/ sin(φ∗/ f )]).
This model agrees with Planck+WP data for f � 5 Mpl.

Hybrid inflation

In hybrid inflationary models a second field, χ, coupled to the
inflaton, undergoes symmetry breaking. The simplest example
of this class is

V(φ, χ) = Λ4
�
1 − χ

2

µ2

�2
+ U(φ) +

g2

2
φ2χ2 . (40)

For most of their parameter space, these models can be consid-
ered effectively as single field models for the inflaton φ. The
second field χ is close to the origin during the slow-roll regime
for φ, and inflation ends either by breakdown of slow roll for
the inflaton at �φ ≈ M2

pl(dU/dφ)2/(Λ4 + U(φ))2 ≈ 1 or by the
waterfall transition of χ. The simplest models with

U(φ) =
m2

2
φ2 (41)

are disfavoured for most of the parameter space (Cortês &
Liddle, 2009). Models with m2φ2/2 ∼ Λ4 are disfavoured due to
a high tensor-to-scalar ratio, and models with U(φ) � Λ4 predict
a spectral index ns > 1, also disfavoured by the Planck data.

We discuss hybrid inflationary models predicting ns < 1 sep-
arately. As an example, the spontaneously broken SUSY model
(Dvali et al., 1994)

U(φ) = αhΛ
4 ln
�
φ

µ

�
, (42)

predicts ns − 1 ≈ −(1 + 3αh/2)/N∗ and r ≈ 8αh/N∗. For αh � 1
and N∗ � 50, ns � 0.98 is disfavoured by Planck+WP+BAO
data at more than 95% CL. However, more permissive reheating
priors allowing N∗ < 50 or a non-negligible αh give models that
are consistent with the Planck data.

R2 inflation

Inflationary models can also be accommodated within extended
theories of gravity. These theories can be analysed either in the
original (Jordan) frame or in the conformally-related Einstein
frame with a Klein-Gordon scalar field. Due to the invariance of
curvature and tensor perturbation power spectra with respect to
this conformal transformation, we can use the same methodol-
ogy described earlier.

The first inflationary model proposed was of this type
and based on higher order gravitational terms in the action
(Starobinsky, 1980)

S =
�

d4x
√−g

M2
pl

2

�
R +

R2

6M2

�
, (43)

with the motivation to include semi-classical quantum effects.
The predictions for R2 inflation were first studied in Mukhanov
& Chibisov (1981); Starobinsky (1983) and can be summarized
as: ns−1 ≈ −8(4N∗+9)/(4N∗+3) and r ≈ 192/(4N∗+3)2. Since r
is suppressed by another 1/N∗ with respect to the scalar tilt, this
model predicts a tiny amount of gravitational waves. This model
predicts ns = 0.963 for N∗ = 55 and is fully consistent with the
Planck constraints.

Non-minimally coupled inflaton

A non-minimal coupling of the inflaton to gravity with the action

S =
�

d4x
√−g




M2
pl + ξφ

2

2
R − 1

2
gµν∂µφ∂νφ −

λ

4

�
φ2 − φ2

0

�2

 ,

(44)
leads to several interesting consequences such as a lowering of
the tensor-to-scalar ratio.

The case of a massless self-interacting inflaton (φ0 = 0)
agrees with the Planck+WP data for ξ � 0. Within the range
50 < N∗ < 60, this model is within the Planck+WP joint
95% CL region for ξ > 0.0019, improving previous bounds
(Okada et al., 2010).

The amplitude of scalar perturbations is proportional to λ/ξ2
for ξ � 1, and therefore the problem of tiny values for the in-
flaton self-coupling λ can be alleviated (Salopek et al., 1989;
Fakir & Unruh, 1990). The regime φ0 � Mpl is allowed and φ
could be the Standard Model Higgs as proposed in Bezrukov &
Shaposhnikov (2009). The Higgs case with ξ � 1 has the same
predictions as the R2 model in terms of ns and r as a function
of N∗. The reheating mechanism in the Higgs case can be more
efficient than in R2 case and therefore predicts a slightly larger
ns. This model is fully consistent with Planck constraints.

The case with ξ < 0 and |ξ|φ2
0/M

2
pl ∼ 1 was also recently

emphasized in Linde et al. (2011). With the symmetry breaking
potential in Eq. 44, the large field case with inflaton φ > φ0 is
disfavoured by Planck data, whereas the small field case φ < φ0
is in agreement with the data.

⇒ V (φ) =
3M2

4

�
1− e−

√
2
3 φ

�2

or fibre inflation : V (φ) ∼
�

1− 4
3
e−
√

1
3 φ

�

ns = 1− 8
4Ne + 9

(4Ne + 3)2
, r =

192
(4Ne + 3)2



shades of difficulty ...

• observable tensors link levels of difficulty:

[Lyth ’97]

• r = O(1/Ne) models:
Large-Field inflation ... needs 
suppression of all-order corrections!

! symmetry is essential!

∆φ ∼
�

NeMP �MP ⇒

• r = O(1/Ne
2) models:

∆φ ∼ O(MP ) ⇒ needs severe fine-tuning of all dim-6 
operators, or accidental cancellations

• r << O(1/Ne
2) models:

∆φ� O(MP ) ⇒
Small-Field inflation ... needs control of 
leading dim-6 operators!

! enumeration & fine-tuning reasonable

r ≡ PT

PR
= 16� ≤ 0.003

�
50
Ne

�2 �
∆φ

MP

�2



shades of difficulty ...

• observable tensors link levels of difficulty:

[Lyth ’97]

• r = O(1/Ne) models:

axion monodromy inflation∆φ ∼
�

NeMP �MP ⇒

• r = O(1/Ne
2) models:

∆φ ∼ O(MP ) ⇒ fibre inflation in LARGE volume 
scenarios (LVS) 

• r << O(1/Ne
2) models:

∆φ� O(MP ) ⇒

warped D-brane inflation & DBI;!
varieties of Kahler moduli inflation
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PLANCK beyond vanilla ... large-scale anomalies !!

• hemispheric asymmetry of mean power and 
temperature ~ 3 !  

• quadrupole - octopole alignment 

• cold spot ~ 3 !!

"

• fit Planck data from high-precision data at l > 50, 
then predict from that power at l < 30:  
too low power at low-l, 10% deficit, ~ 2.5 !

theory task: explain!



Planck collaboration: CMB power spectra & likelihood

Table 9. Results of the Hausman test applied to the temperature

power spectrum for 2 ≤ � ≤ 32.

Data set s
obs
1

P(s1 < s
obs
1

)

[%]

Commander . . . . . -0.647 0.73

NILC . . . . . . . . . -0.649 0.73

SEVEM . . . . . . . . -0.804 0.50

SMICA . . . . . . . . -0.589 1.33

WMAP9 ILC . . . . -0.234 7.18

Planck temperature power spectrum appears to be in some ten-

sion with the best-fit Planck ΛCDM model, which for Planck is

almost exclusively determined by the small-scale spectrum. In

this section we assess the significance and impact of this tension

between low and high �s using three different statistical tests.

We start by applying a modified Hausman test (Polenta et al.

2005; Planck Collaboration II 2013) to the low-� spec-

tra derived from the four foreground-cleaned Planck maps

(Planck Collaboration XII 2013) and the 9-year WMAP ILC

map, using multipoles up to �max = 32. This test uses the statistic

s1 = sup
r

B(�max, r), where

B(�max, r) =
1√
�max

int(�maxr)�

�=2

H�, r ∈ [0, 1] (29)

H� =
Ĉ� −C��

Var Ĉ�

, (30)

and Ĉ� and C� denote the observed and model power spec-

tra, respectively. Intuitively, this statistic measures the relat-

ive bias between the observed spectrum and model, meas-

ured in units of standard deviations, while taking into account

the so-called “look-elsewhere effect” by maximizing s1 over

multipole ranges. We use realistic Planck ‘FFP6’ simulations

(Planck Collaboration I 2013) to derive the empirical distribu-

tion of s1 under the null hypothesis. Figure 38 compares the res-

ults obtained from the data with the simulation distribution, and

Table 9 lists significances. As measured by this statistic, we see

that a negative bias is found in the low-� Planck power spectrum

relative to the ΛCDM model at the 99% confidence level.

For the WMAP ILC map the significance of the negative bias

nominally decreases to 93%. This is consistent with the find-

ings in Sect. 8.3, where it was shown that the WMAP temperat-

ure power spectrum is 2.5–3 % higher than the Planck spectrum

at low �’s. However, as discussed in Planck Collaboration XI

(2013), a similar amplitude difference between the two exper-

iments is also seen at smaller scales. Since the current test com-

pares the observed WMAP data with the best-fit Planck ΛCDM

model, the present test is not optimal for assessing internal con-

sistency between low and high �s within the WMAP data.

Next, to obtain a quantitative measure of the relative power

discrepancy between low and high �s, we fit the two-parameter

amplitude–tilt power spectrum model (see Sect. 8.1.2) to the

Planck data using the low-� likelihood restricted to various mul-

tipole ranges defined by 2 ≤ � ≤ �max, where �max is allowed to

vary. Thus, this measures the amplitude of the low-� spectrum

relative to the best-fit Planck ΛCDM spectrum, which is driven

by the smaller angular scales. Figure 39 shows the resulting con-

straints on the power spectrum amplitude, q, as a function of

�max, after marginalizing over the tilt, n. For comparison, we also

show similar constraints derived using the low-�WMAP temper-

ature likelihood up to � = 30. The best-fit amplitude is q ∼ 0.9
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Figure 38. Results of the Hausman test applied to the temperat-

ure power spectrum for 2 ≤ � ≤ 32. The black histogram shows

the expected distribution, estimated with simulations, of the s1

test statistic. The vertical bars represent Planck CMB maps and

the 9-year WMAP ILC map. Note that the statistic is indistin-

guishable for the NILC and Commander maps.
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Figure 39. Power spectrum amplitude, q, relative to the best-fit

Planck model as a function of �max, as measured by the low-�
Planck and WMAP temperature likelihoods, respectively. Error

bars indicate 68 and 95% confidence regions.

for �max = 20–35, different from unity at a statistical signific-

ance of 2–2.5σ by this measure. The WMAP spectrum shows

a consistent behaviour, up to the same overall scaling factor of

2.5–3% between Planck and WMAP discussed above. We have

verified that these results are insensitive to the (well-known) low

quadrupole moment by excluding C2 from the analysis; the large

cosmic variance of this particular mode results in a low overall

statistical weight in the fit.

Finally, we assess the impact of the low-� power deficit on

the ΛCDM model estimated using the Planck likelihood
11

(aug-

mented with the WMAP polarisation likelihood). We fit a low-�
rescaling amplitude, Alow for � < �low jointly with the ΛCDM

parameters, i.e., C� = AlowC
ΛCDM

� for � < �low and C� = C
ΛCDM

�

11
We have verified that the following results are insensitive to

whether Plik or CamSpec are used for the high-� likelihood.

34

PLANCK anomaly - a lack of power at large scales !!

q =

C!=2...50

!

C!>50

!

[PLANCK Coll. XV ’13]



[Bousso, Harlow, Senatore ’13]

!
2

!

C2

!

=
2

N!

N
(CMB)
!

= 2!+ 1

! significance of suppression measurement:

2 . . . 3 " CMB + a bit of LSS

• significance of the power suppression -- now:

• the future:

N
(CMB+LSS+21cm)
!

= 2!+ 1 + 4"
!
2

!3
z

! significance of suppression measurement:

3 . . . 4 # CMB + LSS from EUCLID

5 . . . 6 # CMB + LSS from EUCLID + 21cm data



an idea: rapid steeping potential can suppress power ...
[Contaldi, Peloso, Kofman, Linde ’03]

• rapidly growing V' such that !  grows much 
faster than V in a narrow interval "ɸ

if V ! !V , " ! #" , # > ! " 1

while $ ! $+!$

then !
2

R
#

H
4

$̇2
#

V

"
!

1

#
!

2

R
< !

2

R

• our claim: there is a model of string inflation - 
fibre inflation - which can do this!
[Pedro, AW '13; Cicoli, Downs, Dutta ’13]

also: [Bousso, Harlow, Senatore ’13]



number of efolds in the inflationary region Ntot as

ns = 1− 4

�
1

Ne
− π2

3

Ne

N2
tot

�
, (2.2)

to first approximation. In the context of string inflation such potentials can arise from D3

brane inflation.

Current data points us towards a red power spectrum with ns − 1 ∼ −0.04, which

assuming the reheating physics is such that one needs Ne ∼ 60 implies that the plateau

around the inflection point must support around Ntot ∼ 172. The upshot of this is that there

is too much expansion before the horizon exit of the CMB scales takes place. Therefore, in

a generic small-field cubic symmetric inflection point situation, any non-slow roll dynamics

that could lead to a power suppression at low multipoles will only affect scales that have

long left the horizon and are therefore unobservable in the CMB spectrum.

We therefore argue that since symmetric inflection points give rise to too much expansion,

what is required is a asymmetric potential, that gets steep very close to the inflection point.

In the space of string inflation models, fibre inflation provides one concrete realisation of

inflation in the vicinity of an asymmetric inflection point. In the next section we briefly

review this model, before determining if it is suitably asymmetric to suppress power in

Section 4.

3 Fibre inflation in a nutshell

Fibre inflation is a model of closed string inflation based on geometries of the form

V = λ1t1t
2
2 + λ2t

3
3 = α(

√
τ1τ2 − γτ 3/23 ), (3.1)

where ti denote 2-cycle volumes, τi = ∂V/∂ti 4-cycle volumes, λi the triple intersection

numbers, α = 1/(2
√
λ1) and γ =

2
3

�
λ1/(3λ2). This is one of the few models of string

inflation that yields observable primordial gravitational waves. Here we will briefly describe

the inflationary potential and phenomenology associated with this model in the context of

the large volume scenario (LVS).

By considering α�3
corrections to the Kähler potential and non-perturbative effects sup-

ported on the cycle τ3

K = −2 log

�
V +

ξ̂

2

�
and W = W0 + Ae−aτ3 , (3.2)
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fibre inflation in type IIB string theory ...

3-form flux!
superpotential

ED3-brane!
instanton

• setup
[Cicoli, Burgess & Quevedo ’08]

J
H
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P
0
8
(
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0
5
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0
7
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Small 4x2

Cycles

Large 4−cycle

Figure 2: A Swiss cheese picture of a Calabi-Yau. There is one pair of large 2- and 4-cycles —
increasing the cycle volume increases the overall volume. The other pairs are such that increasing
the cycle volume decreases the overall volume.

For the F11 model, from the expressions for τi in terms of 2-cycles, we may see that it

is consistent to have τ1 large and τ2, τ3 small but not otherwise. The signature of d2V is

manifest in (4.41); each expression contains h1,1−1 minus signs. There is another important

point. In each case, there is a well-defined limit in which the overall volume goes to infinity

and all but one divisors remain small. These limits are given by (τ5 → ∞, τ4 constant )

and (τ1 → ∞, τ2, τ3 constant ) respectively. Furthermore, in each case this limit is unique:

e.g. the alternative limit (τ2 → ∞, τ1, τ3 constant ) is not well-defined.

This motivates a ‘Swiss-cheese’ picture of the Calabi-Yau, illustrated in figure 2. A

Swiss cheese is a 3-manifold with 2-cycles. Of these 2-cycles, one (tb) is ‘large’ and the

others (ts,i) are small. The volume of the cheese can be written

V = t3/2
b −

∑

i

t3/2
s,i , (4.42)

and ∂2V
∂ti∂tj

has signature (1, h2 − 1). The small cycles are internal; increasing their volume

decreases the overall volume of the manifold. There is one distinguished cycle that controls

the overall volume; this cycle may be made arbitrarily large while holding all other cycles

small, and controls the overall volume. For all other cycles, an arbitrary increase in their

volume decreases the overall volume and eventually leads to an inconsistency. The small

cycles may be thought of as local effects; if the bulk cycle is large, the overall volume is

largely insensitive to the size of the small cycles.

To capture the above, let us consider a Calabi-Yau with divisors τb, τs,i such that the

volume can be written

V =
(

τb +
∑

aiτs,i

) 3
2 −

(∑

biτs,i

) 3
2 − · · ·−

(∑

kiτs,i

) 3
2
. (4.43)

We assume that a limit τb $ τs,i is well-defined. By working in this limit, the minus signs

can be seen to follow from (4.39). The form given above is valid globally for both P4
[1,1,1,6,9]
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one can show that a F-term scalar potential gets generated for the Kähler moduli:

VLV S =
8
√
τ3A2a2e−2aτ3

V − 4W0τ3Aae−aτ3

V2
+

3ξ

4 g3/2s V3
. (3.3)

This potential admits a LARGE volume vacuum at

�V� ∼ e1/gs and �τ3� ∼
1

gs
. (3.4)

Since VLV S depends on τ1 only through V , the physics that stabilises the volume of the

compact space leaves a flat direction in the (τ1, τ2) plane. This apparent setback has the

interesting consequence of allowing for the creation of a mass hierarchy in the moduli sector

of the compactification, which sets the foundations for an inflationary model in the Kähler

moduli sector that is effectively a single field. For a more detailed discussion of the mass

hierarchy in fibered compactifications see [28, 32].

At the level of eq. (3.2) τ1 is exactly massless, however it is known that τ1 dependent

terms in the V can, and in general will, be generated by perturbative corrections to the

Kähler potential. From the point of view of string compactifications these corrections arise

from the exchange of both open and closed strings between stacks of branes. While an explicit

computation of such terms on Calabi-Yau backgrounds is missing, they are conjectured to

take the form

δKgs = δKKK
gs + δKW

gs (3.5)

where

δKKK
gs =

h(1,1)�

l=1

CKK
i ailtl

Re(S)V (3.6)

originates from the exchange of closed strings carrying KK momentum between D3 and D7

branes and

δKW
gs =

h(1,1)�

l=1

CW
i

ailtlV
(3.7)

arises from exchange of winding strings between D7 branes. Note that in both CW
i and CKK

i

are functions of the complex structure moduli. Since complex structure are stabilised at tree

level by fluxes, it is reasonable to assume that these subleading terms in their potential will

not significantly perturb their vacua.

The scalar potential can be computed as a series expansion in powers of δK,

δVgs =
�

i

�
g2sC

KK
i

2
K0

ii − 2δKW
gs,τi

� W 2
0

V2
. (3.8)
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In what follows we assume a scenario in which the brane setup (which determines the matrices

aij in eqs. (3.6) and (3.7)) is such that the scalar potential is given by

δVgs =

�
(gsCKK

1 )2

τ 21
− 2

CW
12

V√τ1
+ 2

(αgsCKK
2 )2τ1
V2

�
W 2

0

V2
. (3.9)

This potential has the double virtue of stabilising the fibre modulus at

1

�τ1�3/2
=

4αCW
12

(gsCKK
1 )2V



1 + sign(CW
12 )

�

1 + 4g4s

�
CKK

1 CKK
2

CW
12

�2


 (3.10)

and of having a flat plateau suitable for inflation.

In order to study the inflationary dynamics it is crucial to canonically normalise the

inflaton field. Recalling that the complexified Kähler moduli are given as Ti = τi + ibi, the

kinetic part of the Lagrangian is:

Lkin = Kij̄∂µTi∂
µT̄j =

1

4

∂2K

∂τi∂τj
(∂µτi∂

µτj + ∂µbi∂
µbj) , (3.11)

The Kähler metric that follows from Eq. 3.1 is then:

K0
ij̄ =





1
4τ21

τ3/23

4τ3/21 τ22
− 3

√
τ3

8τ3/21 τ2

τ3/23

4τ3/21 τ22

1
2τ22

− 3
√
τ3

4
√
τ1τ22

− 3
√
τ3

8τ3/21 τ2
− 3

√
τ3

4
√
τ1τ22

3
8
√
τ1τ2

√
τ3




, (3.12)

where we kept only the leading order term in the volume expansion for each entry. The mass

hierarchy in the Kähler moduli sector explained above allows one to consider the volume and

the blow-up cycle as fixed during inflation, simplifying the kinetic term for the fibre modulus

to:

Lkin =
3

8τ 21
∂µτ1∂

µτ1 . (3.13)

It then follows that the canonically normalised field is defined as:

φ ≡
√
3

2
ln τ1 or τ1 ≡ eκφ with κ =

2√
3
. (3.14)

The scalar potential for the canonically normalised fibre modulus is then

δVgs =
W 2

0

V2

�
(gsC

KK
1 )2e−2κφ − 2

CW
12

V e−
1
2κφ + 2

(αgsCKK
2 )2

V2
eκφ

�
. (3.15)
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One final step is required in order to have the right phenomenology: that is to uplift the

potential by adding to it a constant contribution of the same magnitude as its depth at the

vacuum, after which it becomes

V = V0

�
1− C1/2e

−κφ/2 + C2e
−2κφ + C1e

κφ
�

. (3.16)

The inflationary phenomenology of this potential was analysed in [28], where it was shown

to give rise to a sufficiently long period of exponential expansion. The resulting perturbations

can be generated at the right scale by adjusting the volume of the compactifications to be

V ∼ 103. The spectral index lies in the observationally preferred region ns ∼ 0.96 and the

tensor to scalar ratio can be as high as r ∼ 0.005. In this analysis the last term of Eq. (3.16)

is assumed to be small enough in the inflationary region as to play no relevant role in it.

It is natural to assume this is the case, since its coefficient is of the order of (gs/V)2. Here

however we are interested in the possible effects of such a term for the power suppression at

large scales, corresponding to the initial stages of the inflationary epoch. We turn to this

issue in the next section.

4 Fast-roll regime in fibre inflation

Expanding φ around the minimum, the scalar potential of fibre inflation reads [28]

V = V0

�
1− C1/2e

−κφ/2 + C2e
−2κφ + C1e

κφ
�

. (4.1)

Requiring the post-inflationary minimum to sit at φ = 0 and V (φ = 0) = 0 fixes C1/2 = 4/3

and C2 = 1/3. The slow-roll plateau can be than be adjusted by tuning C1 ∼ g#S ,# > 0

small via choosing gS. Accommodating the observed 60 e-folds at ns < 1 requires C1 � 10−5.

We see that the potential always contains an asymmetric inflection point at φip determined

by two exponentials changing slowest at large φ

e−κφip/2 = 3C1e
κφip . (4.2)

The best hope for steepening beyond the 60 e-fold point φ60 is by having φ60 = φip since for

φ > φip we have � monotonically increasing.

For φ > φip consequently the eκφ-term dominates the scalar potential, so we have

V � Vip

�
1 + C1e

κφ
�

. (4.3)

9

LV SV1 SV2

C0 5.8 · 10−8 0.012 0.023

C1 292.4 20629.4 39786.9

C2 73.1 5157.35 9946.73

Cup 219.3 1200.8 29840.2

R = C0/C2 8 · 10−10 2.3 · 10−6 2.3 · 10−6

Table 3: Coefficients of the inflationary potential for the various parameter sets

discussed in the text.

2 4 6 8 10 12
!
"

2·10
-6

4·10
-6

6·10
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8·10
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V

Figure 2: V (in arbitrary units) versus ϕ̂, with V and τ3 fixed at their minima. The plot assumes
the parameters used in the text (for which ϕ̂ip ! 0.80, ϕ̂end = 1.0, and R ≡ C0/C2 ∼ 10−6).

3.3 Inflationary slow roll

We next ask whether the scalar potential (3.31) can support a slow roll, working in the

most natural limit identified above, with A,C $ B and B > 0. As we have seen, this case

also implies 0 < C0 $ C1 = 4C2, leaving a potential well approximated by

V ! C2

〈V〉10/3

[

(3 − R) − 4

(

1 +
1

6
R

)

e−κϕ̂/2 +

(

1 +
2

3
R

)

e−2κϕ̂ + R eκϕ̂

]

(3.33)

which uses Cup ! C1 − C0 − C2 and C1/C2 ! 4, and works to linear order in

R :=
C0

C2
= 2g4

s

(
CKK

1 CKK
2

CW
12

)2

$ 1 . (3.34)

The normalization of the potential may instead be traded for the mass of the inflaton field

at its minimum: m2
ϕ = V ′′(0) = 4

(

1 + 7
6 R

)

C2/〈V〉10/3.

In practice the powers of R can be neglected in all but the last term in the potential,

where it multiplies a positive exponential which must eventually become important for

– 22 –

ns � 0.97
r � 0.006

• fibre modulus kinetic term - canonically normalize

• fibre modulus scalar potential from string loops

slow-roll flat & asymmetric plateau 
- and sudden steep wall !!
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Computing the slow-roll parameters in this region we find

� =
κ2C2

1

2
e2κφ =

3

8
η2 for φ > φip . (4.4)

Hence, we have ns > 1, at least for a large range of field values φ > φip. Therefore, for

reasons of comparison with CMB data (observations say ns(φ60) < 1 at more than 5σ) we

cannot put φ60 > φip.

We now determine the point φδ > φip where �δ > �ip has a value such that ∆2
R(φδ) =

δ
100∆

2
R(φip), i.e. the power at φδ is suppressed to δ % of the power at CMB scales. Using

eq. (4.4) we get that

e−κ(φδ−φip) =

�
�ip
�δ

=

�
∆2

R(φδ)

∆2
R(φip)

=

√
δ

10
. (4.5)

Hence we see that C1eκ(φδ−φip) � 1 for typical values 10 < δ < 100, and thus potential stays

essentially constant between φip and φδ with the decrease in power completely driven by the

increase in � above φip.

To render this effect visible in the low-� region of the CMB power spectrum, the fast

rolling phase must take place close to horizon exit. It is therefore crucial not only to ensure

that the potential is sufficiently steep over the adequate range in field space but also that

this region is immediately followed by the 60 e-foldings region of the potential. One should

then estimate the number of e-folds elapsing between the regime of suppressed power at φδ

and CMB scales around φip and require it to be small. This yields

∆N (δ)
e =

φδ�

φip

dφ√
2�

=
1

κC1

φδ�

φip

dφe−κφ

=
1

κ
�
2�ip

�
1− e−κ(φδ−φip)

�

=
1

κ
�
2�ip

�
1−

√
δ

10

�
. (4.6)

Using ns � 0.94 from the CMB data, limits �ip � 0.01. Using this conservative value

and demanding a suppression of large-scale power to δ%= 50%, we get (using that at the

inflection point ns(φip) = 1− 6�ip)

∆N (50%)
e � 3

�
0.06

1− ns
. (4.7)
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Using ns � 0.94 from the CMB data, limits �ip � 0.01. Using this conservative value

and demanding a suppression of large-scale power to δ%= 50%, we get (using that at the

inflection point ns(φip) = 1− 6�ip)
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Computing the slow-roll parameters in this region we find

� =
κ2C2

1

2
e2κφ =

3

8
η2 for φ > φip . (4.4)
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• compute e-folds for field range of given power 
suppression: 

while

!Ne(! = 2 . . . 30) = ln
! = 30

! = 2
< 3

• positive exponential from loop term not steep 
enough but close ...



That is, the regime of power suppression is spread out over too many e-folds and the full

desired level of power suppression occurs too early to be visible within the earliest single

observable e-fold corresponding to 2 ≤ � � 40.

We therefore conclude that the positive exponential term in the original fibre inflation

example is just not steep enough to provide the necessary rapid power loss of low-�. The

explanation of this apparent feature of the CMB spectrum requires considerably steeper

potentials beyond the 60-efolds point.

5 Suppressing low-� power in fibre inflation

In looking at eq. (4.6) we note a way to cure the problem of the preceding section: if we

increase the value of κ in the C1eκφ-term in the scalar potential by a factor of a few, then
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Hence, choosing κ̃ � 3κ = 2
√
3 will generate a sufficient amount of CMB power suppression

within the first single observable e-fold corresponding to 2 ≤ � � 40. Recalling the discussion

in Section 2, one sees that the relevant term in the scalar potential arose from a string loop

term of the form

δV ∼ τ1
V4

. (5.3)

Hence, the proposed change could arise from a string correction scaling like

δV ∼ τ κ̃/κ1

Vp
with p > 4 ,

κ̃

κ
� 3 . (5.4)
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• Assume modified string loop corrections: 

• Modifies scalar potential:

replace

with

!
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Figure 2: Fibre modulus potential with different powers in the positive exponential. As κ̃
κ

grows the potential becomes steeper to the right of the inflationary region and the inflection

point approaches the 60 e-folding point
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Figure 3: Left: distance in field space between horizon exit φ60 and the power suppression

scale φδ as a function of the coefficient κ̃. For concreteness we assume δ% = 50% power

suppression. Right: number of e-foldings supported in the region [φ60,φδ] as a function of

the coefficient κ̃.

The effect of different choices of κ̃
κ is illustrated in figure 2 for 1 ≤ κ̃

κ ≤ 30. We have

tuned the overall coefficient C1 such that C1 eκ̃φ would always give a negligible contribution

to the potential at horizon exit φ = φ60.

The effect of steeper exponentials is to move the inflection point towards φ60 therefore

reducing the number of e-foldings between the power suppression region φδ and the start of

inflation. This is illustrated in figure 3.

12

5 10 50 100 500 1000
0

5.�10�10

1.�10�9

1.5�10�9

2.�10�9

2.5�10�9

l

�R
2

5 10 50 100 500 1000
0

5.�10�10

1.�10�9

1.5�10�9

2.�10�9

2.5�10�9

l

�R
2

Figure 4: Power spectrum ∆2
R computed on the numerical solution φ(Ne). Left: The original

fibre inflation setup with κ̃ = κ = 2/
√
3 and C1 = 10−5. Right: The modified setup with

κ̃ = 10κ and C̃1 = 7× 10−33. The extra steepening leads to a clear suppression of curvature

perturbation power at low �.

We can now compare this behaviour using two illustrative numerical examples. The

first is the original scalar potential of fibre inflation (κ̃ = κ) with C1 � 10−5. This choice

maximizes the slope of the inflationary plateau, pushing φNe = φip while increasing the slope

further by lowering the amount of observable slow-roll to Ne � 50 by assuming intermediate

reheating temperatures.

For the second example we choose κ̃ = 10κ for the modified loop term, and then set

C̃1 = 7× 10−33 for the same reasons as given above.

We can then solve the scalar field equation of motion

φ�� + 3

�
1− 1

6
φ�2

��
φ� +

1

V

∂V

∂φ

�
= 0 with ()� ≡ d

dNe
() (5.5)

numerically and compute the slow-roll parameters

� =
1

2

�
∂V/∂φ

V

�2

, η =
∂2V/∂φ2

V
(5.6)

on the numerical solution φ(Ne). This allows us to identify the point φδ > φip where

�δ =
100
δ �ip suppressing the power there to ∆2

R(φδ) =
δ

100∆
2
R(φip). For the above choice of κ̃

and C̃1 we can show that a suppression level of δ = 50% still allows for ηδ � 0.1. This keeps

the the moderately faster-rolling region immediately prior to the flat plateau within the

slow-roll approximation, and allows us to compute the curvature perturbation in slow-roll.
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• numerical check - solve e.o.m. for scalar field:
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Fig. 4 shows the power spectrum

∆2
R =

1

4π2

H
4

φ̇2
(5.7)

of the curvature perturbation evaluated on the numerical solution φ(Ne) within the region

corresponding the CMB scales 2 < � < 3000 for the two examples. We clearly see that

fibre inflation per se does not generate appreciable suppression of power in the first 2 − 3

observable e-folds of inflation, while the modified version with κ̃ = 10κ can generate a sizable

and sufficiently rapidly varying lack of power at � < 40.

6 Discussion

Features in the 2-point function at large scales open a window to the earliest stages of the

inflationary epoch. If observed with enough statistical significance, these features can become

an extra constraint on inflationary model building, to be added to the usual discriminants:

the spectral index and the tensor-to-scalar ratio.

In this paper we have analysed one such feature that might have been observed in the

CMB power spectrum: the lack of power at low-�. We have argued that it can be generated by

a phase of moderately fast roll immediately preceding the usual slow roll inflationary phase.

We have shown that an asymmetric inflection point is required to model this behaviour and

performed a detailed analysis of one such model: fibre inflation.

Fibre inflation’s string loop generated potential, even though asymmetric, is not steep

enough to successfully suppress power at low-�. The reason being that though a power

suppression region exists, it is located too far from the slow roll dynamics region, and so

the inflationary expansion corresponding to inflaton motion between these two regions will

render any initial power suppression unobservable in the CMB.

In an attempt to understand the structure of the potential required to accommodate this

feature, we deviate from string derived fibre inflation and introduce a steeper exponential

in the potential. By tuning it to be negligible in the inflationary plateau and to quickly

dominate for larger φ, we show that such potential can give rise to the desired level of power

suppression.

Note added: This paper is submitted simultaneously to the related work [33].
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• compute                      on the solution



• generic case:  
 

if the potential shows sudden steepening in slow-roll 
regime -- generically gets MUCH steeper above 
slow-roll regime

• leads to a Fast-Roll phase before slow-roll  
 

if light fields are present, admixture of radiation 
possible

• we will now assume some non-accelerating phase 
transitioning suddenly into slow-roll



• Fast-Roll to Slow-Roll transition:  
comoving fluctuation scales & comoving horizon

comoving 

scales

ln aH



• impose UV-normalizable vacuum during pre-inflation

• modes with k < a0 H0 are frozen (never enter the 
horizon - preserve pre-inflation power spectrum!

vk = AkH
(1)
ν (k(η − ηi)) +BkH

(2)
ν (k(η − ηi)) with ηi < η0 < 0

and |Ak|2 − |Bk|2 = 1 , Bk −→ k−2

H
(1,2)
ν (kη) −→ k

−ν



• can do this analytically for radiation dominated pre-
inflation:  w = 1/3  ,  % = 1/2

• modes with k ~ a0 H0 map suddenly from the pre-
inflation vacuum modes to the dS modes: "sudden 
approximation" - expect interference & "ringing"

⇒ P (k) ∼ k3
���
vk
a

���
2
����
k<a0H0

∼ k3−2ν |Ak −Bk|2



• power spectrum:  



• for general  % :  
initiate slow-roll in the pre-inflation BD vacuum & 
run the Mukhanov-Sasaki equation



• power spectra for:  
 

   w = 1 ,  % = 0  

   w = 1/3  ,  % = 1/2  

   w = 1/9 (&H = 1),  % = 1
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Universality!!



ln aH

comoving 

scales

• dS to Fast-Roll to Slow-Roll transition:  
comoving fluctuation scales & comoving horizon



• power spectra for:  
dS to Fast-Roll to Slow-Roll , 2 different initial HdS
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• expect no pronounced suppression, 
if prior inflation was there!!



• fibre inflation in type IIB string theory provides an 
asymmetric inflationary plateau with steep wall, 
which can explain the low-l power suppression 
hinted at by PLANCK!
"

• universal signature! 
- if no prior inflation: universal power suppression  
  spectral template with moderate wiggles 
- if prior inflation: no suppression & very strong 
  wiggles

discussion ...

• caveats/open questions: false vacuum prior inflation 
with CDL tunneling - effects of bubble wall & 
negative spatial bubble curvature ?

[Yamauchi, Linde, Naruko, 
Sasaki, Tanaka '11]


