
General properties of scattering matrix- S- matrix

diagram by  drepresente  is   dcba  process  Scattering 

ap bp

dpcp

bcda

dbca

:operation  crossing  called so by  obtained  (channels) processes  additional

consider to has  one that  shown  is  it  theory scattering In

s

:quantities invariant lorentz three define can we  momenta-4 fourof  Out















2

d

2

c

2

a

2

a

2

da

2

ca

22

ba

mmmm

uts

)pp(u

)pp(t

w)pp(







relation  unitarity

 :gives what  : isunitary matrix 

:matrix  S -matrix scattering  a  by   described is  Scattering


















)pp(iTnnTf)2(iTfIm2

)pp(iTnnTf)2(iTfiTfiTTf

TiTT-T,1SSS

iTf)pp(i)2(iSf

ni

n

4

ni

n

4

if

4

if







= + +....

1

2

state. teintermedia lowest theof  masses are    and  where 21

2

21th

mm

,)m(ms  if s0iTfIm 

Im



scattering  N





1p

2p

p

p

1q

2q

:channels  two  another  obtain  we  operation,  crossing  Using

2

1
I isospin, for stands I where  , 

:u)t,B(s,   and  u)t,A(s, 

 amplitudes  invariant  twoof   terms  in  given is  T  matrix  transition ,scattering   In

                    

                   

2

3
,Bγ)qi(q(s,t,u)A(s,t,u)T

πN

)pq(u

m2m2uts)qq(t

w)pq(s

Iμ

μ21

II

21

222

21

22

11











1q 1p

2q 2p



 p

p

2q





p

p

2p

1p

T T
2

u

2

11

2

22

2

21

2

21

w)q(p)p(-qu

)qq(t

)qp(s







unchanged   
crossing  us 

channel s

channel u



Similarly, by  s-t crossing one obtains a process
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Singularities of B amplitude for fixed t- variable.
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Application of fixed t analyticity of invariant amplitudes in PWA



- One of the main problems of SE PWA are ambiguities 
ie more sets of partial waves equally well describe experimental data.

- First attempt: Requiring smoothnes of IA as a function of energy. 
It was shown that it was not enough.

- One must impose more stringent constraints taking 
into account analayticity of scattering amplitudes.

- In this lecture:
We demonstrate how the  fixed-t analyticity 
can be used for that purpose.

We shall apply two methods:

- Fixed-t dispersion relations
- Analytic approximations theory

J. E. Bowcock and H. Burkhardt
Rep. Prog. Phys. 38 (1975)1099
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- One of the main problems of single energy PWA (SE PWA) are ambiguities 
i.e. more sets of partial waves equally well describe experimental data.

- First attempt: Requiring smoothnes of IA or partial waves as a function of energy. 
It was shown that it was not enough.

- One must impose more stringent constraints taking 
into account analyticity of scattering amplitudes.

- In this lecture:
We demonstrate how the  fixed-t analyticity 
can be used for that purpose.

We shall apply two methods:

- Fixed-t dispersion relations (DR)
- Analytic approximation theory

J. E. Bowcock and H. Burkhardt
Rep. Prog. Phys. 38 (1975)1099

Application of the fixed-t analyticity of Invariant amplitudes to
partial wave analysis (PWA)
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Fixed-t dispersion relations 

Let’s consider DR fulfilled by a typical  isospin even ( odd  )             invariant amplitude 
(IA) :

- Suppose that results from SE PWA are available in the range
and smoothly interpolated ( using spline interpolation for instance).

- Dispersion relations may be written in the form:

describes unknown  contributions from high energies and is called   
discrepancy function (DF).
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Nucl. Phys., B49 (1972) 573

B49 (1972) 586

J. Hamilton, J. L. Petersen in
New developments in dispersion 
theory Vol. 1,
Nordita, Copenhagen 1975
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- Solving last equation for        ( dropping variable t from the list of variables), and using known values of

we obtain:

where PVI stands for principal value integral.

- may be approximated by a polynomial of maximal order two !

- Accurate determination of the high energy contributions is a big advantage of this method.

- Using parametrized          in DR (*) one obtains a smooth  real part of the amplitude 
.

- Discribed method, called Discrepancy function method, may be used to make accurate 
analytic continuation of IA outside of the physical region.
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How tu use DF method  as a constraint in PWA?

1. Suppose results of SE PWA are available in energy region

2. In PWA program minimize:
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fit.  a  in  parameters  are  which  waves  partial  from

calculated    quantity  measurableof    value  a is  where

 

:angles  at measured  observable an for  where

In DF method, one may constrain only a 
real part  of the amplitude. One expects 
that the data will  make a right choice of  
imaginary  parts of   partial waves.

In elastic region of  πN scattering DF 
method was  applied as a strong 
constraint because real  and imaginary 
parts can be derived from eah other due 
to unitarity of partial waves.

3.     After finishing PWA part, repeat 
step 1. Carry out the iteration until   
achieving a reasonable agreement  
between input and output  values .



Problems with applying DR as a constraint:

- Errors of PW are generally strongly correlated and are usually not published.
- It is not clear how to calculate errors of PVI. 

Small changes in the input part can lead to a large change in the output real part.

But:
- DR can serve as an simple test of compatibility of PW with the fixed- t analyticity.

Too noisy PW (non smooth DF- higher order polynomials needed to describe
DF) are indicator that SE PWA solution is not consistent with FT analyticity of
scattering amplitudes.



Analytic approximation theory

Fixet-t analyticity of scattering amplitudes can be imposed without 
using of DR.  Invariant amplitudes can be  obtained from the data directly. 
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This part of lecture  is based on:

J. Hamilton, J. L. Petersen in
New developments in dispersion 
theory Vol. 1,
Nordita, Copenhagen 1975

E. Pietarinen, Nuovo. Cim. 12 (1972) 522
Nucl. Phys. B49 (1972) 315
Nucl. Phys B107(1976) 21,
end references there
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