On the general structure
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RG theory

RG flow

every theory consistent with the symmetries

J

theory space
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RG theory

RG fixed points

[

needed for continuum limit

describe continuos phase transitions

can be solved exactly

conformal invariant theories (CFT)

J

theory space
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RG theory

scaling regions

[

under the reach of (CFT)
perturbation theory

L7

relevant vs irrelevant perturbations

universal quantities:

critical exponents,
universal ratios,
scaling functions

e

CFT data: scaling dimensions,

structure constants

J

theory space
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RG theory

RG flow

c- and a-theorem
in even dimensions

exact flows

the flow goes on until all fields
have been integrated out:
theories with mass scales

the flow reaches

A
gg a fixed point

flow between CFTs
\ J

theory space
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Exact RG flows

the path integral is a sum over field modes: do it step by step!
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the RG flow is generated by varying the UV scale
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Exact RG flows

the path integral is a sum over field modes: do it step by step!
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the RG flow is generated by varying the IR scale
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Exact RG flows

RG flow of the effective average action

[

quantum action

microscopic action

the EAA interpolates smoothly between
the bare and the quantum action

J

theory space
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Exact RG flows

Anatomy of an equation:

Hessian

/ non-linear

‘ —1
ﬁtfk[go] — —Ir | Rk> atRk

2 0O e
/ \ UV finite

IR finite

exact closed equation

functional

integro-differential equation
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Which is the general form of the
effective (average) action!?

Clue |: derivative expansion
Clue ll: scale anomaly
Clue lll: conformal anomaly

Clue IV : RG transformations can be
reabsorbed by rescaling the metric

ennaio
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Clue |: derivative expansion

expand the effective (average) action in an operator basis:

Fk[gpvg] — Z)\A,k/\/gOA[Spvg]
A

clue |
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Clue |: derivative expansion

expand the effective (average) action in a operator basis:

Fk[gpvg] — Z)\A,k/\/gOA[Spvg]
A

clue |

1 1
Culogl = [ V350600 + e [ Vigs?
1 1
+ >\4,]¢ / \/§ZSO4 + >\6,k / \/55906 + ...
1
= [ Vagoueoro+ [ Vavite)

local potential approximation (LPA):
all momentum dependence of the
proper-vertices is dropped
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Clue |: derivative expansion

expand in powers of (momenta) derivatives and parametrize
the effective average action in terms of running functions:

Ly lp] = /ddw {Vk(SD) + %Zk(w)(f)’so)2 + %Wl,k(sO) (6%¢)°

—|-%W2,k(90)(890)2903290 + iws,k(sa)(f?sa)‘l} +0(9")

project the exact RG equation to obtain a set of coupled
partial differential equations involving the running functions:

8tvk(90) — B?/ Vk(gp)v Zk(gp)7
0 Zi(¢) = BL Vi (), Zi(9), ...

the flow equations are valid
in arbitrary dimension
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Clue |: derivative expansion

choose a cutoff shape function to obtain an explicit equation:

kd
L+ V. (¢)/k?

O Vi(p) = cq

intfroduce dimensionless variables

o= kY713 Vie(o) = k“Vi (@)

to obtain the partial differential equation for the dimensionless effective potential:

Cd

O Vie(@) = —d Vi (@) + (d/2 — 1) g VI (P) A .
tVi(9) k(@) + (d/2 = 1) o Vi(¢) LT (3)
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Clue |: derivative expansion

~ - 5\4

9 — —2XMo —C —
8 ERCESSE
~ _ 5\2 5\6
Bry = (d —4) g + 6cy 4 — ¢4 )

= (1+ A2)? (1+ Xo)2
~ N 5\3 5\ 5\ 5\
Bre = (2d — 6) X6 — 90cq ed - 30c¢ %6 C 8
L+ A (1+ A2)° (14 Xg)?
3 X Vi 22 32
Bas = (3d — 8)As + 2520c, 2 — 1260¢c;—= S 70¢, 6
(1+A2)° (1+ A)4 (14 Xg)3
+ 566d 5\45\8 — Cyg 5\10

(1 —+ )\2)3 (1 -+ )\2)2
Bryg = -..

the effective potential is
the generating function
for the beta functions
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Clue |: derivative expansion

at a fixed point of the RG flow the beta functions vanish:

Ba(A*) =0

to obtain universal quantities we linearize the flow around the fixed point:

| e OB | s
Ba(0h) = Fa(A") EB:(’?)\B* B 2;6)\05’)\3* pene

the beta functions carry CFT data: scaling dimensions and structure constants:

~

Ba(ft) =dapia + Z CaBchBlic + ...
B,C

fia = Dapdip
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Clue |: derivative expansion

yp)
. Mermin-Wagner-Hohenberg theorem
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0.10 - N =3
0.05

O(N) models
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Clue |: derivative expansion
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minimal models of CFT
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Clue |: derivative expansion
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Clue ll: scale anomaly

. _
S = /\/g SOAG + %m2gb2 1 %)\qﬁ‘l

d=4 “classical” scale anomaly:

L7

1
058 = 2m2/\/§§gb20

Gaussian fixed point
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Clue ll: scale anomaly

. _
S = /\/g §¢Agb + %m2gb2 + %)\qﬁ‘l

d=4 “classical” scale anomaly:

L7

1
058 = 2m2/\/§§gb20

Gaussian fixed point

quantum scale anomaly:

52T toop = ~Bn(m) [ V56%0 = B0 [ Vg 0'o
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Clue ll: scale anomaly

. 1 _
_ /\/g SO0+ Sm2? + %)\gb‘l_

d=4 “classical” scale anomaly:

1
058 = 2m2/\/§§gb20

Gaussian fixed point

quantum scale anomaly:

60F1—loop — \/_ ¢ O — 5)\ /\/_4'¢ o

/ , \ g

(477)2 Or = (47)?

mercoledi 30 gennaio 2013



Clue ll: scale anomaly

6O'F — 505 + 50P1—100p =4

=~ (Bu(m) — 2m) [ Vazets ~ ) [ Vayoto

IR

quantum energy-momentum tensor:
one-loop flow

exact flow
Uuv

0,1 = /\/§<T/;>a

(Th) = = (Bu(m) — 2m3) [ V356° = 0w) [ Vago*

mercoledi 30 gennaio 2013



Clue ll: scale anomaly

- ) 1 Al ) A
= —2m; — —21m; —
Ome = =2 e (L ) 2 (a2
Bz (ma, o) — 2mi = %15)1’(1) k2 B2 (e, M) = —2m32
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Clue ll: scale anomaly

- 3 1 Ak 3 Ak
o — —2 2 — _2 2 —
fm kT oUm2 Ty m2)2 TR T 2(4n)?
Bz (ma, o) — 2mi = Illil’(l) k2 B2 (e, M) = —2m32
- 3 A2 3\7
By = k = ko

(4m)? (L+mi)?  (47)?

Bx(Ro) = lim k2B (\e) = 705
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Clue ll: scale anomaly

scale anomaly (classical + quantum):

<TZ> — —Z (6A —I—dA)\A) OA
A

the trace of the quantum energy-momentum
tensor vanishes at fixed points

() =0

mercoledi 30 gennaio 2013



Clue ll: scale anomaly

scale anomaly (classical + quantum):

<T >——Z 6A+dA)\A)OA
A

the trace of the quantum energy-momentum
tensor vanishes at fixed points

(I) =0

clve Il:

(TH), Z k%4 5,04
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Clue lll: conformal anomaly

minimally coupled scalar field on a two dimensional manifold:

s— [ vaone

d=2 ~_

the bare action is Weyl invariant

the non trivial part of the EAA is purely gravitational:

['rlg] = /\/g(ak + bR+ Rep(A)R) + O(R?)

S

running structure function

the exact RG equation is a trace of a function covariant operator:

1 0,Ru(A)
—Ir
2 A+ Rk(A)

Oklg] =
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Clue lll: conformal anomaly

renormalization conditions
enter as initial conditions

1
525/\/§¢A¢
ar = a —L(AQ—k@)
k AT
1 A
bk:bA—%logE

Serirlé.ol = 5 [ Vasho+ Spld

d—
integrate the flow equation from the UV scale to the IR scale:
Coo(z) =0
cx(X) ‘/
5 1& 15N 20 25 3——35 h
—0.0002 -
—-0.0004 -
—0.0006 -
1
—0.0008 -
| co(z) = —
96X
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-0.0012 -
b P
= A = A
= — =
> =
_<r k/

Gaussian in curved space
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Clue lll: conformal anomaly

non-local term in the curved fixed point CFT action:

Uorr|o, 9] = Scrr|o, 9] + cSp|g]

1 1

Splg|l = ~96m de\fR R
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Clue lll: conformal anomaly

non-local term in the curved fixed point CFT action:

Uorr|o, 9] = Scrr|o, 9] + cSp|g]

1 1

Splg] = ~96m de\/_R R

exact quantum energy-momentum tensor:
| ovevv iR (viiR) (v iR)+
48T A A A
1 1 1
_9 MV 2% o~ _
29" R + 59 (V AR> (VQAR>]

conformal anomaly:

() =

T _ =
<T“> B 247TR
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Clue lll: conformal anomaly

non-local term in the curved fixed point CFT action:

Uorr|o, 9] = Scrr|o, 9] + cSp|g]

1 1

Splg] = ~96m de\/_R R

exact quantum energy-momentum tensor:
| ovevv iR (viiR) (v iR)+
48T A A A
1 1 1
_9 MV 2% o~ _
29" R + 59 (V AR> (VQAR)]

conformal anomaly:

() =

TN —
< “> 247TR
clue llI:
_ [ Py GRER € Tlp gl
967 VA 729
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Clue IV : RG transformations can be
reabsorbed by rescaling the metric

ds? = gupdztdz”
[d82] = [ZIZ’“] = k! [gw/] = kY dim-less metric

[dSz] = [Qf’u] =k [g,uV] — k2 dim-full metric
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Clue IV : RG transformations can be
reabsorbed by rescaling the metric

ds? = gupdztdz”
[d82] = [ZIZ’“] = k! [gw/] = kY dim-less metric

[dSz] = [Qf’u] =k [g,uV] — k2 dim-full metric

g,uz/ — k_2§u1/ 95 — kA(PQB
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0 constant

Clue IV : RG transformations can be
reabsorbed by rescaling the metric

ds? = gupdztdz”
[d82] = [ZIZ’“] = k! [gw/] = kY dim-less metric

[dSz] = [Qf’u] =k [g,uV] — k2 dim-full metric

k— e’k Guv — €7 G © — e
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Clue IV : RG transformations can be
reabsorbed by rescaling the metric
ds? = gupdztdz”
[d82] = [ZIZ’“] = k! [gw/] = kY dim-less metric

[dSz] = [Qf’u] =k [g,uV] — k2 dim-full metric

k— e’k Guv — €7 G © — e

0 constant

g,LLV%g,UJI/ Y — P
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Clue IV : RG transformations can be
reabsorbed by rescaling the metric

Tk, g] = Teor[e 29, €27 g]
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Feok [6_

Clue IV : RG transformations can be
reabsorbed by rescaling the metric

270, e27g] = Aa(ek)

A

=T'klp, 9] +

—A 2
— Fe"k[e 9009076

[ violie.g

OZBA“" 02253

79]

5’5/1
5’)\3

| [ Va0l
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Clue IV : RG transformations can be
reabsorbed by rescaling the metric

Teorle 297, €27 g = Z Aa(e?k)
A

=T'klp, 9] +

1
/\/LEOAZR%QU/\@OAJr

—A 2
— Fe"k[e 9009076

[ violie.g

OZBA“" 02253

79]

5’5/1
5’)\3

/]

O A4 = 0yfBa —ZBB

| [ Va0l

9B
OB
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Ansatz for the general form
of the effective (average) action

clue |

/
Z)‘A/\/_OA ¥, 9 ]
clue Il

—§%:5A/\/§OA[¢79]%R -

c|ue ”I Cr. — CA

clue IV
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LPA and the ¢c-theorem

extend a given truncation:

L'kl =/ [Vk(¢)+%%s@5’“s@+w

\4

Lk, gl Z/\/§ [Vk(¢)+%5’us@6‘“s@+...

1 1

Ci. — CA 1
— R
967 A

R+ ...
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LPA and the c-theorem

non-perturbative flow for the c-function:

Orc, = 24m 0: 1'% |0, 6_27(5] ‘f(aT)Q
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LPA and the c-theorem

non-perturbative flow for the c-function:

Orc, = 241 0,I'1[0, e 7] |f(87)2

the c-function with in the LPA:

the ctheorem is satisfied within our truncation!

atCk Z 0
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315 CL

universal quantity that depends on the full
RG trajectory between two fixed points

\A

C
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Switch on gravity!

= [ V5 |- e

1 1 1
ok Valas.

1
B

Cr. —Ccpn 1
— R—R+ ...
967 A * ]

|
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Switch on gravity!

= [ V5 |- e
RPYESIR PV

4\ 167G, ) A
_/ L gy
AL 167G,

Cr. —Ccpn 1

KLY

|
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Switch on gravity!

minimally coupled scalar:
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Switch on gravity!

minimally coupled scalar:

c. =cpn+ 1 Coo = 0 = co=1
gravity:
()5 (2
F(5) -t o amanw
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Switch on gravity!

—-0.002 *
—-0.004 *
—-0.006 »
—0.008 »

-0.010 H

Iylgl = / /7 (s + bR + Rex(A)R) + O(RY)
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Conclusions & Outlook

a way to extend a given ansatz to capture
all the aspects of the effective (average) action

non-perturbative definition of the c- and a-functions

framework to calculate approximated c- and a-functions

it applies to gravity: scaling relations
and connection with asymptotic safety
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