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every theory consistent with the symmetries

theory space

RG flow

RG theory
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conformal invariant theories (CFT)

describe continuos phase transitions

needed for continuum limit

theory space

RG fixed points

can be solved exactly

RG theory

mercoledì 30 gennaio 2013



universal quantities: 
critical exponents, 
universal ratios,
scaling functions

CFT data: scaling dimensions,
structure constants

theory space

scaling regions

under the reach of (CFT)
perturbation theory

relevant vs irrelevant perturbations

RG theory
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theory space

RG flow

flow between CFTs 

the flow goes on until all fields 
have been integrated out:
theories with mass scales

the flow reaches
a fixed point

c- and a-theorem
in even dimensions

exact flows

RG theory
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Λ

φp

Λ′

φp

SΛ → SΛ� → SΛ�� → · · ·

the RG flow is generated by varying the UV scale

the path integral is a sum over field modes: do it step by step!

Exact RG flows
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Λ

k′

φp

Λ

k

φp

Γk → Γk� → Γk�� → · · ·

the path integral is a sum over field modes: do it step by step!

the RG flow is generated by varying the IR scale

Exact RG flows
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theory space

RG flow of the effective average action

the EAA interpolates smoothly between
the bare and the quantum action

microscopic action

quantum action

Exact RG flows
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∂tΓk[ϕ] =
1

2
Tr

�
δ2Γk[ϕ]

δϕδϕ
+Rk

�−1

∂tRk

UV finite

IR finite

integro-differential equation

exact closed equation Hessian
non-linear

functional

Anatomy of an equation:

Exact RG flows
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Which is the general form of the 
effective (average) action?

Clue 1: derivative expansion

Clue II: scale anomaly

Clue III: conformal anomaly

Clue IV : RG transformations can be 
reabsorbed by rescaling the metric
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Clue 1: derivative expansion

expand the effective (average) action in an operator basis:

Γk[ϕ, g] =
�

A

λA,k

�
√
gOA[ϕ, g]

clue I
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Clue 1: derivative expansion

expand the effective (average) action in a operator basis:

local potential approximation (LPA): 
all momentum dependence of the 
proper-vertices is dropped

Γk[ϕ, g] =

�
√
g
1

2
∂µϕ∂

µϕ+ λ2,k

�
√
g
1

2
ϕ2

+ λ4,k

�
√
g
1

4!
ϕ4 + λ6,k

�
√
g
1

6!
ϕ6 + ...

=

�
√
g
1

2
∂µϕ∂

µϕ+

�
√
gVk(ϕ)

Γk[ϕ, g] =
�

A

λA,k

�
√
gOA[ϕ, g]

clue I
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Γk[ϕ] =

�
d
d
x

�
Vk(ϕ) +

1

2
Zk(ϕ)(∂ϕ)

2 +
1

2
W1,k(ϕ)

�
∂2ϕ

�2

+
1

2
W2,k(ϕ)(∂ϕ)

2ϕ∂2ϕ+
1

4
W3,k(ϕ)(∂ϕ)

4

�
+O(∂6)

...

∂tZk(ϕ) = Bd
Z [Vk(ϕ), Zk(ϕ), ...]

∂tVk(ϕ) = Bd
V [Vk(ϕ), Zk(ϕ), ...]

expand in powers of (momenta) derivatives and parametrize 
the effective average action in terms of running functions:

project the exact RG equation to obtain a set of coupled 
partial differential equations involving the running functions:

the flow equations are valid 
in arbitrary dimension

Clue 1: derivative expansion
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∂tVk(ϕ) = cd
kd

1 + V ��
k (ϕ)/k2

ϕ = kd/2−1ϕ̃ Vk(ϕ) = kdṼk(ϕ̃)

∂tṼk(ϕ̃) = −d Ṽk(ϕ̃) + (d/2− 1) ϕ̃ Ṽ �
k(ϕ̃) +

cd

1 + Ṽ ��
k (ϕ̃)

choose a cutoff shape function to obtain an explicit equation:

introduce dimensionless variables

to obtain the partial differential equation for the dimensionless effective potential:

Clue 1: derivative expansion
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the effective potential is 
the generating function 
for the beta functions

β̃λ2 = −2λ̃2 − cd
λ̃4

(1 + λ̃2)2

β̃λ4 = (d− 4)λ̃4 + 6cd
λ̃2
4

(1 + λ̃2)3
− cd

λ̃6

(1 + λ̃2)2

β̃λ6 = (2d− 6)λ̃6 − 90cd
λ̃3
4

(1 + λ̃2)4
+ 30cd

λ̃4λ̃6

(1 + λ̃2)3
− cd

λ̃8

(1 + λ̃2)2

β̃λ8 = (3d− 8)λ̃8 + 2520cd
λ̃4
4

(1 + λ̃2)5
− 1260cd

λ̃2
4λ̃6

(1 + λ̃2)4
+ 70cd

λ̃2
6

(1 + λ̃2)3
+

+ 56cd
λ̃4λ̃8

(1 + λ̃2)3
− cd

λ̃10

(1 + λ̃2)2

β̃λ10 = ...

Clue 1: derivative expansion

mercoledì 30 gennaio 2013



at a fixed point of the RG flow the beta functions vanish:

to obtain universal quantities we linearize the flow around the fixed point:

the beta functions carry CFT data: scaling dimensions and structure constants:

β̃A(λ̃
∗) = 0

β̃A(δλ̃) = β̃A(λ̃
∗) +

�

B

∂β̃A

∂λ̃B

�����
∗

δλ̃B +
1

2

�

B,C

∂β̃2
A

∂λ̃C∂λ̃B

�����
∗

δλ̃Bδλ̃C + ...

µ̃A = DABδλ̃B

β̃A(µ̃) = dAµ̃A +
�

B,C

CABC µ̃Bµ̃C + ...

Clue 1: derivative expansion

mercoledì 30 gennaio 2013



2.2 2.4 2.6 2.8 3.0
d
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0.01

0.02

0.03
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0.05

Clue 1: derivative expansion

O(N) models

Mermin-Wagner-Hohenberg theorem 

N = 1

N = 2

N = 3

N = 4

N = 5

N = 10
N = 100
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2.0 2.2 2.4 2.6 2.8
d

0.01

0.02

0.03

0.04

Η4

2.0 2.2 2.4 2.6 2.8 3.0
d

0.02

0.04

0.06

0.08

Η3

2.0 2.1 2.2 2.3 2.4 2.5
d

0.005

0.010

0.015
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Η5

Clue 1: derivative expansion

dc,n = 2 +
2

n− 1
= ∞, 4, 3,

8

3
,
5

2
, ...

multi-critical fixed points

minimal models of CFT
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Clue 1: derivative expansion

ν

γ

η β

α

δ/5
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Clue II: scale anomaly

S =

�
√
g

�
1

2
φ∆φ+

1

2
m2φ2 +

1

4!
λφ4

�

δσS = 2m2

�
√
g
1

2
φ2σ

d = 4 “classical” scale anomaly:

Gaussian fixed point
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Clue II: scale anomaly

S =

�
√
g

�
1

2
φ∆φ+

1

2
m2φ2 +

1

4!
λφ4

�

δσS = 2m2

�
√
g
1

2
φ2σ

d = 4

δσΓ1–loop = −βm(m2
R)

�
√
g
1

2
φ2σ − βλ(λR)

�
√
g
1

4!
φ4σ

“classical” scale anomaly:

quantum scale anomaly:

Gaussian fixed point
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Clue II: scale anomaly

S =

�
√
g

�
1

2
φ∆φ+

1

2
m2φ2 +

1

4!
λφ4

�

δσS = 2m2

�
√
g
1

2
φ2σ

d = 4

δσΓ1–loop = −βm(m2
R)

�
√
g
1

2
φ2σ − βλ(λR)

�
√
g
1

4!
φ4σ

“classical” scale anomaly:

quantum scale anomaly:

Gaussian fixed point

βλ =
3λ2

(4π)2βm =
m2λ

(4π)2
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Clue II: scale anomaly

δσΓ = δσS + δσΓ1–loop

= −
�
βm(m2

R)− 2m2
R

� � √
g
1

2
φ2σ − βλ(λR)

�
√
g
1

4!
φ4σ

δσΓ =

�
√
g
�
Tµ

µ

�
σ

�
Tµ

µ

�
= −

�
βm(m2

R)− 2m2
R

� � √
g
1

2
φ2 − βλ(λR)

�
√
g
1

4!
φ4

quantum energy-momentum tensor:

UV

IR

exact flow

one-loop flow

d = 4
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Clue II: scale anomaly

β̃m2 = −2m̃2
k − 1

2(4π)2
λk

(1 + m̃2
k)

2
= −2m̃2

k − λk

2(4π)2
+

m̃2
kλk

(4π)2
+ ...

βm2(m2
0,λ0)− 2m2

0 = lim
k→0

k2β̃m2(m̃2
k,λk) = −2m2

0 +
m2

0λ0

(4π)2
+ ...

d = 4
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Clue II: scale anomaly

β̃m2 = −2m̃2
k − 1

2(4π)2
λk

(1 + m̃2
k)

2
= −2m̃2

k − λk

2(4π)2
+

m̃2
kλk

(4π)2
+ ...

β̃λ =
3

(4π)2
λ2
k

(1 + m̃2
k)

3
=

3λ2
k

(4π)2
+ ...

βm2(m2
0,λ0)− 2m2

0 = lim
k→0

k2β̃m2(m̃2
k,λk) = −2m2

0 +
m2

0λ0

(4π)2
+ ...

βλ(λ0) = lim
k→0

k2β̃λ(λk) =
3λ2

0

(4π)2

d = 4
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Clue II: scale anomaly

�
Tµ

µ

�
= −

�

A

(βA + dAλA)O
A

�
Tµ

µ

�
= 0

the trace of the quantum energy-momentum 
tensor vanishes at fixed points

scale anomaly (classical + quantum):
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Clue II: scale anomaly

�
Tµ

µ

�
k
= −

�

A

kdA β̃AO
A

�
Tµ

µ

�
= −

�

A

(βA + dAλA)O
A

�
Tµ

µ

�
= 0

the trace of the quantum energy-momentum 
tensor vanishes at fixed points

scale anomaly (classical + quantum):

clue II:
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minimally coupled scalar field on a two dimensional manifold:

the non trivial part of the EAA is purely gravitational:

the exact RG equation is a trace of a function covariant operator:

Clue III: conformal anomaly

the bare action is Weyl invariant

S =
1

2

�
√
gφ∆φ

running structure function

∂tΓk[g] =
1

2
Tr

∂tRk(∆)

∆+Rk(∆)

Γk[g] =

�
√
g (ak + bkR+Rck(∆)R) +O(R3)

d = 2
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ak = aΛ − 1

4π
(Λ2 − k2)

bk = bΛ − 1

24π
log

Λ

k

integrate the flow equation from the UV scale to the IR scale:

renormalization conditions 
enter as initial conditions  

Clue III: conformal anomaly

5 10 15 20 25 30 35
x

�0.0012

�0.0010

�0.0008

�0.0006

�0.0004

�0.0002

ck�x�

c0(x) = − 1

96πx

c∞(x) = 0

Λ

k′

φp

Λ

k

φp

Sc=1
CFT [φ, g] =

1

2

�
√
gφ∆φ+ SP [g]

S =
1

2

�
√
gφ∆φ

Gaussian in curved space

d = 2
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Clue III: conformal anomaly

non-local term in the curved fixed point CFT action:

ΓCFT [φ, g] = SCFT [φ, g] + cSP [g]

SP [g] = − 1

96π

�
d2x

√
gR

1

∆
R

d = 2
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Clue III: conformal anomaly

non-local term in the curved fixed point CFT action:

�Tµν� = c

48π

�
−2∇µ∇ν 1

∆
R−

�
∇µ 1

∆
R

��
∇ν 1

∆
R

�
+

−2gµνR+
1

2
gµν

�
∇α 1

∆
R

��
∇α

1

∆
R

��

ΓCFT [φ, g] = SCFT [φ, g] + cSP [g]

�
Tµ

µ

�
= − c

24π
R

SP [g] = − 1

96π

�
d2x

√
gR

1

∆
R

conformal anomaly:

exact quantum energy-momentum tensor:

d = 2
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Clue III: conformal anomaly

non-local term in the curved fixed point CFT action:

�Tµν� = c

48π

�
−2∇µ∇ν 1

∆
R−

�
∇µ 1

∆
R

��
∇ν 1

∆
R

�
+

−2gµνR+
1

2
gµν

�
∇α 1

∆
R

��
∇α

1

∆
R

��

ΓCFT [φ, g] = SCFT [φ, g] + cSP [g]

�
Tµ

µ

�
= − c

24π
R

− ck
96π

�
d2x

√
gR

1

∆
R ∈ Γ[ϕ, g]

SP [g] = − 1

96π

�
d2x

√
gR

1

∆
R

conformal anomaly:

clue III:

exact quantum energy-momentum tensor:

d = 2
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Clue IV : RG transformations can be 
reabsorbed by rescaling the metric

ds2 = gµνdx
µdxν

[ds2] = k−2 [xµ] = k−1 [gµν ] = k0

[ds2] = k−2 [xµ] = k0 [gµν ] = k−2

dim-less metric

dim-full metric

mercoledì 30 gennaio 2013



Clue IV : RG transformations can be 
reabsorbed by rescaling the metric

ds2 = gµνdx
µdxν

[ds2] = k−2 [xµ] = k−1 [gµν ] = k0

[ds2] = k−2 [xµ] = k0 [gµν ] = k−2

g̃µν = k−2g̃µν ϕ̃ = k∆ϕ ϕ̃

dim-less metric

dim-full metric
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Clue IV : RG transformations can be 
reabsorbed by rescaling the metric

ds2 = gµνdx
µdxν

[ds2] = k−2 [xµ] = k−1 [gµν ] = k0

[ds2] = k−2 [xµ] = k0 [gµν ] = k−2

k → eσk g̃µν → e2σ g̃µν

g̃µν = k−2g̃µν ϕ̃ = k∆ϕ ϕ̃

ϕ̃ → e−∆ϕσϕ̃

dim-less metric

dim-full metric

constantσ
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Clue IV : RG transformations can be 
reabsorbed by rescaling the metric

ds2 = gµνdx
µdxν

[ds2] = k−2 [xµ] = k−1 [gµν ] = k0

[ds2] = k−2 [xµ] = k0 [gµν ] = k−2

k → eσk g̃µν → e2σ g̃µν

gµν → gµν ϕ → ϕ

g̃µν = k−2g̃µν ϕ̃ = k∆ϕ ϕ̃

ϕ̃ → e−∆ϕσϕ̃

dim-less metric

dim-full metric

constantσ
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Clue IV : RG transformations can be 
reabsorbed by rescaling the metric

Γk[ϕ, g] = Γeσk[e
−∆ϕσϕ, e2σg]
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Clue IV : RG transformations can be 
reabsorbed by rescaling the metric

= Γk[ϕ, g] +



σ
�

A

βA +
1

2
σ2

�

A,B

βB
∂βA

∂λB
+ ...




�

√
gOA[ϕ, g]

Γeσk[e
−∆ϕσϕ, e2σg] =

�

A

λA(e
σk)

�
√
gOA[ϕ, g]

Γk[ϕ, g] = Γeσk[e
−∆ϕσϕ, e2σg]
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Clue IV : RG transformations can be 
reabsorbed by rescaling the metric

∂2
t λA = ∂tβA =

�

B

βB
∂βA

∂λB

= Γk[ϕ, g] +



σ
�

A

βA +
1

2
σ2

�

A,B

βB
∂βA

∂λB
+ ...




�

√
gOA[ϕ, g]

Γeσk[e
−∆ϕσϕ, e2σg] =

�

A

λA(e
σk)

�
√
gOA[ϕ, g]

Γk[ϕ, g] = Γeσk[e
−∆ϕσϕ, e2σg]

�
√
gOA 1

∆
R → 2σ

�
√
gOA + ...
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Ansatz for the general form 
of the effective (average) action

Γk[ϕ, g] =
�

A

λA

�
√
gOA[ϕ, g]

− 1

2

�

A

βA

�
√
gOA[ϕ, g]

1

∆
R

− ck − cΛ
96π

�
√
g R

1

∆
R+ ...

clue I

clue II

clue III

clue IV

d = 2
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LPA and the c-theorem

Γk[ϕ, g] =

�
√
g

�
Vk(ϕ) +

1

2
∂µϕ∂

µϕ+ ...

− 1

2
∂tVk(ϕ)

1

∆
R+ ...

−ck − cΛ
96π

R
1

∆
R+ ...

�

Γk[ϕ] =

� �
Vk(ϕ) +

1

2
∂µϕ∂

µϕ+ ....

�

extend a given truncation:

d = 2
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∂tck = 24π ∂tΓk[0, e
−2τδ]

���
(∂τ)2

LPA and the c-theorem

non-perturbative flow for the c-function:

d = 2
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∂tck = 24π ∂tΓk[0, e
−2τδ]

���
(∂τ)2

∂tck ≥ 0

∂tck =
12

(1 + m̃2
k)

4

�
β̃m2

�2

=
12

(1 + m̃2
k)

4

�
2m̃2

k +
1

4π

λ̃k

(1 + m̃2
k)

2

�2

LPA and the c-theorem

non-perturbative flow for the c-function:

the c-function with in the LPA:

the c-theorem is satisfied within our truncation!

d = 2
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theory space
Gaussian 

Ising 

d = 2
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c∞

c0

∂tck

t

t

∆c

LPA and the c-theorem

universal quantity that depends on the full 
RG trajectory between two fixed points 

d = 2
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Γk[g] =

�
√
g

�
− 1

16πGk
R+ ...

−1

4
∂t

�
− 1

16πGk

�
R

1

∆
R+ ...

�

=

�
√
g

�
− 1

16πGk
R+ ...

−ck − cΛ
96π

R
1

∆
R+ ...

�

Switch on gravity! 
d = 2
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Γk[g] =

�
√
g

�
− 1

16πGk
R+ ...

−1

4
∂t

�
− 1

16πGk

�
R

1

∆
R+ ...

�

=

�
√
g

�
− 1

16πGk
R+ ...

−ck − cΛ
96π

R
1

∆
R+ ...

�

∂t

�
− 1

16πGk

�
=

ck − cΛ
24π

Switch on gravity! 
d = 2
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∂t

�
− 1

16πGk

�
=

1

4π

�
1

6

�

ck = cΛ + 1 c∞ = 0 ⇒ c0 = 1

ck − cΛ
24π

=
1

4π

�
1

6

�

Switch on gravity! 

minimally coupled scalar:

d = 2
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∂t

�
− 1

16πGk

�
=

1

4π

�
1

6

�

ck = cΛ + 1 c∞ = 0 ⇒ c0 = 1

ck − cΛ
24π

=
1

4π

�
1

6

�

Switch on gravity! 

minimally coupled scalar:

∂t

�
− 1

16πGk

�
=

1

4π

�
−25

6

�

1

4π

�
−25

6

�
=

ck − cΛ
24π

⇒ ck = cΛ − 25

c0 = 0 ⇒ c∞ = 25

∂tGk = −2

3
25G2

k

gravity:

d = 2
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5 10 15 20 25 30 35
�

�0.010

�0.008

�0.006

�0.004

�0.002

ck

Γk[g] =

�
√
g (ak + bkR+Rck(∆)R) +O(R3)

c0(∆) = 0

Switch on gravity! 

c∞(∆) = − 25

96π∆

d = 2
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Conclusions & Outlook

a way to extend a given ansatz to capture
all the aspects of the effective (average) action

non-perturbative definition of the c- and a-functions

framework to calculate approximated c- and a-functions

it applies to gravity: scaling relations
and connection with asymptotic safety
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